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Abstract

This note summarizes the supplementary materials to the paper “CHIME: Cluster-

ing of High-Dimensional Gaussian Mixtures with EM Algorithm and Its Optimality”.

Section A shows the proof of Theorem 3.1, which is the upper bound of the estimation

error for β∗. The lower bound of this estimation error, i.e. part (2) in Theorem 3.3,

is proved in Section B. Section C states and proves the technical lemmas used in

the proofs of the main results given in the paper and Section D provides additional

simulation results.

A Proof of Theorem 3.1

A.1 Auxiliary lemmas

We begin by stating a lemma that is used in the proof of Theorem 3.1.

Lemma A.1. Suppose θ∗ ∈ Θp(s, cω,M,Mb) and (C1), (C2) hold. If λ
(t+1)
n ≥ 3Ccon

√
log p
n +

2κ0 · d2,s(θ̂(t),θ∗)∨‖β̂(t)−β∗‖√
s

, where Ccon, κ0 are defined in (C1), (C2) and β̂(t+1) is solved by

β̂(t+1) = arg min
β∈Rp

{
1

2
β>Σ̂(t+1)β − β>(µ̂

(t+1)
1 − µ̂(t+1)

2 ) + λ(t+1)
n ‖β‖1

}
,

then

1. For u(t+1) = β̂(t+1) − β∗, we have u(t+1) ∈ Γ(s), that is,

2‖u(t+1)
Sc ‖1 ≤ 4‖u(t+1)

S ‖1 + 3
√
s‖u(t+1)‖2.

∗The research was supported in part by NSF Grants DMS-1208982 and DMS-1403708, and NIH Grant
R01 CA127334.
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2.

‖β̂(t+1) − β∗‖2 ≤ 4M · d2,s(θ̂
(t+1),θ∗) + 2M

√
sλ(t+1)

n .

The proof of Lemma A.1 is given in Section A.3. Recall that Mn(θ) and M(θ) are

defined in (2.4) and (3.5) respectively.

Lemma A.2. If d2,s(θ,θ
∗)∨‖β−β∗‖ ≤ r∆, β−β∗ ∈ Γ(s), and r < |c0−cω |

∆ ∧
√

9M+16c1−
√

9M
4 ∧√

c1
M ∧

Cb

5
√
s
, then

θ ∈ Bcon(θ∗; c0, c1, Cb, s).

A.2 Proof of Theorem 3.1

A.2.1 Preliminaries

Recall that we update λ
(t)
n by λ

(t)
n = κλ

(t−1)
n +Cλ

√
log p
n and λ

(0)
n = C1

d2,s(θ̂(0),θ∗)∨‖β̂(0)−β∗‖√
s

+

Cλ

√
log p
n with C1 = 1

4M , so we have

λ(t)
n = κt · C1 ·

d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖√

s
+

1− κt+1

1− κ
Cλ

√
log p

n
.

Let κ = (1∨ (8M)) ·κ0, since 0 < κ0 <
1

2∨(16M) , we have κ ∈ (0, 1/2). Now let us define

C∗ =

[
(
2κ2 − 4κ+ 2

2κ2 − 5κ+ 2
· (4M +

6M

1− κ
)) ∨ 1− κ

1− 2κ

]
Ccon,

and

Cλ = 3Ccon +
2κ0

1− κ
C∗.

We claim

(i) κ ≥ κ0, C1κ ≥ 2κ0, Mκ0 + 2MC1κ ≤ κ.

(ii) κ0
1−κC

∗ + Ccon ≤ C∗, and 4MCcon + 2M
1−κCλ ≤ C

∗.

In fact, the three inequalities in (i) can be seen from the definition of C1 and κ.

For the first inequality in (ii), it’s equivalent to Ccon ≤ 1−κ−κ0
1−κ C∗. By the fact that

κ0 ≤ κ and the definition of C∗, we then have

1− κ− κ0

1− κ
C∗ ≥ 1− 2κ

1− κ
C∗ ≥ Ccon.
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For the second inequality in (ii), we have

4MCcon +
2M

1− κ
Cλ =4MCcon +

2M

1− κ
(3Ccon +

2κ0

1− κ
C∗)

=(4M +
6M

1− κ
)Ccon +

4Mκ0

(1− κ)2
C∗

By noticing 4Mκ0 = κ0
C1
≤ κ

2 and the definition of C∗, we then have

4MCcon +
2M

1− κ
Cλ ≤

2κ2 − 5κ+ 2

2κ2 − 4κ+ 2
C∗ +

1

2(1− κ)2
C∗ = C∗.

Further more, since
√
s log p/n = o(r), we have for sufficiently large n,

r ≥ 1 + κ

1− κ
(C∗ + 3

Ccon
C1

)

√
s log p

n
. (A.1)

We then divide the proof into two main steps.

A.2.2 Main proofs

We use induction to show that

λ(t+1)
n ≥ 3Ccon

√
log p

n
+ 2κ0 ·

d2,s(θ̂
(t),θ∗) ∨ ‖β̂(t) − β∗‖√

s
,

d2,s(θ̂
(t+1),θ∗)∨‖β̂(t+1)−β∗‖ ≤ κt+1 · (d2,s(θ̂

(0),θ∗)∨‖β̂(0)−β∗‖) +
1− κt+2

1− κ
C∗
√
s log p

n
,

and

d2,s(θ̂
(t+1),θ∗) ∨ ‖β̂(t+1) − β∗‖ ≤ r∆, β̂(t+1) − β∗ ∈ Γ(s),

where the last two inequalities, by Lemma A.2, implies that when r satisfies the condition

in (C1)

θ̂(t+1) ∈ Bcon(θ∗; c0, c1, Cb, s).

According to the conditions in Theorem 3.1 we have (C1), that is, d2,s(θ̂
(0),θ∗)∨‖β̂(0)−

β∗‖ ≤ r∆ and β̂(0)−β∗ ∈ Γ(s). Then by Lemma A.2, we have θ̂(0) ∈ Bcon(θ∗; c0, c1, Cb, s).

Then it follows from Lemma 3.1 and Lemma 3.2 that

d2,s(θ̂
(1),θ∗) ≤d2,s(θ

(1),θ∗) + Ccon

√
s log p

n

≤κ0 · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) + Ccon

√
s log p

n

≤κ · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) +

1− κ2

1− κ
C∗
√
s log p

n
,
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since κ0 ≤ κ, Ccon ≤ κ0
1−κC

∗ + Ccon ≤ C∗ ≤ (1 + κ)C∗

This also implies

λ(1)
n =κλ(0)

n + Cλ

√
log p

n
= C1κ

d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖√

s
+ (κCλ + Cλ)

√
log p

n

≥3Ccon

√
log p

n
+ 2κ0 ·

d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖√

s
,

since κCλ + Cλ ≥ 3Ccon, C1κ ≥ 2κ0.

Moreover, by Lemma A.1,

‖β̂(1) − β∗‖2 ≤4M · d2,s(θ̂
(1),θ∗) + 2M

√
sλ(1)

n

≤4M · (κ0 · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) + Ccon

√
s log p

n
)

+ 2M · C1κ · d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖+ 2M(1 + κ)Cλ

√
s log p

n

=(4Mκ0 + 2MC1κ) · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) + (4MCcon + 2M(1 + κ)Cλ)

√
s log p

n

≤κ · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) +

1− κ2

1− κ
C∗
√
s log p

n
.

since 4Mκ0 + 2MC1κ ≤ κ, 4MCcon + 2M(1 + κ)Cλ ≤ (1 + κ)C∗.

Therefore, we have

d2,s(θ̂
(1),θ∗) ∨ ‖β̂(1) − β∗‖ ≤ κ · (d2,s(θ̂

(0),θ∗) ∨ ‖β̂(0) − β∗‖) +
1− κ2

1− κ
C∗
√
s log p

n
.

In addition, since d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖ ≤ r,

d2,s(θ̂
(1),θ∗) ∨ ‖β̂(1) − β∗‖ ≤κ · (d2,s(θ̂

(0),θ∗) ∨ ‖β̂(0) − β∗‖) + (1 + κ)C∗
√
s log p

n

≤κr + (1 + κ)C∗
√
s log p

n

≤r,

since r ≥ 1+κ
1−κC

∗
√

s log p
n by (A.1).

Therefore the properties hold at the t = 1-st step.

Now let us assume the properties hold at the t-th step. That is,

λ(t)
n ≥ 3Ccon

√
log p

n
+ 2κ0 ·

d2,s(θ̂
(t−1),θ∗) ∨ ‖β̂(t−1) − β∗‖√

s
,
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d2,s(θ̂
(t),θ∗) ∨ ‖β̂(t) − β∗‖ ≤ κt · (d2,s(θ̂

(0),θ∗) ∨ ‖β̂(0) − β∗‖) +
1− κt+1

1− κ
C∗
√
s log p

n
,

and

d2,s(θ̂
(t),θ∗) ∨ ‖β̂(t) − β∗‖ ≤ r∆, β̂(t) − β∗ ∈ Γ(s),

which by Lemma A.2 implies

θ̂(t) ∈ Bcon(θ∗; c0, c1, Cb, s).

Then

3Ccon

√
log p

n
+ 2κ0 ·

d2,s(θ̂
(t),θ∗) ∨ ‖β̂(t) − β∗‖√

s

≤3Ccon

√
log p

n
+ 2κ0 ·

κt · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) + 1−κt+1

1−κ C∗
√

s log p
n√

s

=2κ0κ
t · d2,s(θ̂

(0),θ∗) ∨ ‖β̂(0) − β∗‖√
s

+ 3Ccon

√
log p

n
+ 2κ0 ·

1− κt+1

1− κ
C∗
√

log p

n

≤κt+1 · C1 ·
d2,s(θ̂

(0),θ∗) ∨ ‖β̂(0) − β∗‖√
s

+
1− κt+2

1− κ
Cλ

√
log p

n

=λ(t+1)
n

since 1−κt+2

1−κ Cλ ≥ 3Ccon + 2κ0
1−κt+1

1−κ C∗, C1κ ≥ 2κ0.

Further, use Lemmas A.1, 3.1 and Lemma 3.2, we have

d2,s(θ̂
(t+1),θ∗) ≤d2,s(θ

(t+1),θ∗) + Ccon

√
s log p

n

≤κ0 · (d2,s(θ̂
(t),θ∗) ∨ ‖β̂(t) − β∗‖) + Ccon

√
s log p

n

≤κ0 · (κt · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) +

1− κt+1

1− κ
C∗
√
s log p

n
) + Ccon

√
s log p

n

≤κ0 · κt · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) + (κ0

1− κt+1

1− κ
C∗ + Ccon)

√
s log p

n

≤κt+1 · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) +

1− κt+2

1− κ
C∗
√
s log p

n

since κ0 ≤ κ, κ0
1−κt+1

1−κ C∗ + Ccon ≤ 1−κt+2

1−κ C∗.
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Moreover, by Lemma A.1

‖β̂(t+1) − β∗‖2 ≤4M · d2,s(θ̂
(t+1),θ∗) + 2M

√
sλ(t+1)

n

≤4M · (κ0 · κt · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) + (κ0

1− κt+1

1− κ
C∗ + Ccon)

√
s log p

n
)

+ 2M
√
s · (κt+1 · C1 ·

d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖√

s
+

1− κt+2

1− κ
Cλ

√
log p

n
)

≤(4Mκ0 + 2MC1κ)κt · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖)

+ (κ0
1− κt+1

1− κ
C∗ + 4MCcon + 2M

1− κt+2

1− κ
Cλ)

√
s log p

n

≤κt+1 · (d2,s(θ̂
(0),θ∗) ∨ ‖β̂(0) − β∗‖) +

1− κt+2

1− κ
C∗
√
s log p

n
,

since 4Mκ0 + 2MC1κ ≤ κ, κ0
1−κt+1

1−κ C∗ + 4MCcon + 2M 1−κt+2

1−κ Cλ ≤ 1−κt+2

1−κ C∗

Further,

d2,s(θ̂
(t+1),θ∗) ∨ ‖β̂(t+1) − β∗‖ ≤κt+1 · d2,s(θ̂

(0),θ∗) ∨ ‖β̂(0) − β∗‖+
1− κt+2

1− κ
C∗
√
s log p

n

≤κt+1 · r +
1− κt+2

1− κ
C∗
√
s log p

n

≤r,

since r ≥ 1+κ
1−κC

∗
√

s log p
n .

Now we complete the induction and have

d2,s(θ̂
(t),θ∗) ∨ ‖β̂(t) − β∗‖ ≤ κt · (d2,s(θ̂

(0),θ∗) ∨ ‖β̂(0) − β∗‖) +
1− κt+1

1− κ
C∗
√
s log p

n
.

Therefore, when T0 & logn+log d2,s(θ̂(0),θ∗)
− log κ ,

‖β̂(T0) − β∗‖2 .

√
s log p

n
.

A.3 Proof of Lemma A.1

At first, since

β̂(t+1) = arg min
β∈Rp

{
1

2
β>Σ̂(t+1)β − β>(µ̂

(t+1)
1 − µ̂(t+1)

2 ) + λ(t+1)
n ‖β‖1

}
,
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by letting δ̂(t+1) = µ̂
(t+1)
1 − µ̂(t+1)

2 , we have

1

2
β̂(t+1)>Σ̂(t+1)β̂(t+1) − β̂(t+1)>δ̂(t+1) + λ(t+1)

n ‖β̂(t+1)‖1 ≤
1

2
β∗>Σ̂(t+1)β∗ − β∗>δ̂(t+1) + λ(t+1)

n ‖β∗‖1,

which implies

λ(t+1)
n (‖β̂(t+1)‖1−‖β∗‖1) ≤ 1

2
β∗>Σ̂(t+1)β∗−β∗>δ̂(t+1)−(

1

2
β̂(t+1)>Σ̂(t+1)β̂(t+1)−β̂(t+1)>δ̂(t+1)),

(A.2)

Let u(t+1) = β̂(t+1) − β∗ and recall that S = supp(β), then we have

‖β̂(t+1)‖1 − ‖β∗‖1 ≥ ‖β∗ + u
(t+1)
Sc ‖1 − ‖u(t+1)

S ‖1 − ‖β∗‖1 = ‖u(t+1)
Sc ‖1 − ‖u(t+1)

S ‖1.

In addition, by Lemma 3.2, we have with probability 1−o(1), ‖Σ̂(t+1)β∗−Σ(t+1)β∗‖∞ ≤
Ccon

√
log p
n , and it’s followed by

1

2
β∗>Σ̂(t+1)β∗ − β∗>δ̂(t+1) − (

1

2
β̂(t+1)>Σ̂(t+1)β̂(t+1) − β̂(t+1)>δ̂(t+1))

=− 〈Σ̂(t+1)β∗ − δ̂(t+1), β̂(t+1) − β∗〉 − 1

2
〈β̂(t+1) − β∗, Σ̂(t+1)(β̂(t+1) − β∗)〉

≤ − 〈Σ̂(t+1)β∗ − δ̂(t+1), β̂(t+1) − β∗〉

≤|〈Σ̂(t+1)β∗ − Σ(t+1)β∗ + δ(t+1) − δ̂(t+1), β̂(t+1) − β∗〉|+ |〈Σ(t+1)β∗ − δ(t+1), β̂(t+1) − β∗〉|

≤|〈Σ̂(t+1)β∗ − Σ(t+1)β∗ + δ(t+1) − δ̂(t+1), β̂(t+1) − β∗〉|+ |〈(Σ(t+1) − Σ∗)β∗ + (δ∗ − δ(t+1)), β̂(t+1) − β∗〉|

≤Ccon

√
log p

n
‖β̂(t+1) − β∗‖1 + |〈(Σ(t+1) − Σ∗)β∗ + (δ∗ − δ(t+1)), β̂(t+1) − β∗〉|

=Ccon

√
log p

n
‖u(t+1)‖1 + |〈(Σ(t+1) − Σ∗)β∗ + (δ∗ − δ(t+1)),u(t+1)〉|

=Ccon

√
log p

n
‖u(t+1)‖1 + ‖〈(Σ(t+1) − Σ∗)β∗ + (δ∗ − δ(t+1))‖ · ‖u(t+1)‖

=Ccon

√
log p

n
‖u(t+1)‖1 + (‖(Σ(t+1) − Σ∗)β∗‖2 + ‖δ∗ − δ(t+1))‖2) · ‖u(t+1)‖

≤Ccon

√
log p

n
‖u(t+1)‖1 + 2d2,s(θ

(t+1),θ∗) · ‖u(t+1)‖

≤Ccon

√
log p

n
‖u(t+1)‖1 + 2κ0 · (d2,s(θ̂

(t),θ∗) ∨ ‖β̂(t) − β∗‖) · ‖u(t+1)‖,

where the last inequality uses Lemma 3.1.

Then we have

λ(t+1)
n (‖u(t+1)

Sc ‖1 − ‖u(t+1)
S ‖1) ≤ Ccon

√
log p

n
‖u(t+1)‖1 + |〈(Σ(t+1) − Σ∗)β∗ + (δ∗ − δ(t+1)),u(t+1)〉|.
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If λ
(t+1)
n satisfies

λ(t+1)
n ≥ 3Ccon

√
log p

n
+ 2κ0 ·

d2,s(θ̂
(t),θ∗) ∨ ‖β̂(t) − β∗‖√

s
,

we then have

‖u(t+1)
Sc ‖1−‖u(t+1)

S ‖1 ≤
1

3
‖u(t+1)‖1+

√
s‖u(t+1)‖2 =

1

3
(‖u(t+1)

Sc ‖1+‖u(t+1)
S ‖1)+

√
s‖u(t+1)‖2,

This implies

2‖u(t+1)
Sc ‖1 ≤ 4‖u(t+1)

S ‖1 + 3
√
s‖u(t+1)‖2,

that is, u(t+1) ∈ Γ(s)

Then we proceed to prove (ii). By (A.2), the term on the right hand side equals

1

2
β∗>Σ̂(t+1)β∗ − β∗>δ̂(t+1) − (

1

2
β̂(t+1)>Σ̂(t+1)β̂(t+1) − β̂(t+1)>δ̂(t+1))

=− 〈Σ̂(t+1)β∗ − δ̂(t+1), β̂(t+1) − β∗〉 − 1

2
〈β̂(t+1) − β∗, Σ̂(t+1)(β̂(t+1) − β∗)〉

We then have

λ(t+1)
n (‖β̂(t+1)‖1 − ‖β∗‖1) ≤ −〈Σ̂(t+1)β∗ − δ̂(t+1), β̂(t+1) − β∗〉 − 1

2
〈β̂(t+1) − β∗, Σ̂(t+1)(β̂(t+1) − β∗)〉

This implies

|〈β̂(t+1) − β∗, Σ̂(t+1)(β̂(t+1) − β∗)〉|

≤2|〈Σ̂(t+1)β∗ − δ̂(t+1), β̂(t+1) − β∗〉|+ 2λ(t+1)
n ‖β̂(t+1) − β∗‖1

≤2‖Σ̂(t+1)β∗ − δ̂(t+1)‖2,s‖β̂(t+1) − β∗‖2 + 2
√
sλ(t+1)

n ‖β̂(t+1) − β∗‖2
≤2‖Σ̂(t+1)β∗ − Σ∗β∗ + δ∗ − δ̂(t+1)‖2,s‖β̂(t+1) − β∗‖2 + 2

√
sλ(t+1)

n ‖β̂(t+1) − β∗‖2
≤4d2,s(θ̂

(t+1),θ∗)‖β̂(t+1) − β∗‖2 + 2
√
sλ(t+1)

n ‖β̂(t+1) − β∗‖2

where we apply the definition of ‖ · ‖2,s and Lemma 8.1 to the second inequality.

In addition, since ‖Ω∗‖2 ≤ M, we have |〈β̂(t+1) − β∗,Σ∗(β̂(t+1) − β∗)〉| ≥ 1
M ‖β̂

(t+1) −
β∗‖22, which implies that

‖β̂(t+1) − β∗‖2 ≤4M · d2,s(θ̂
(t+1),θ∗) + 2M

√
sλ(t+1)

n .
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A.4 Proof of Lemma A.2

Recall that

Bcon(θ∗; c0, c1, Cb, s) =
{
θ = (ω,µ1,µ2,Σ) : µ1,µ2 ∈ Rp,Σ ∈ Rp×p,Σ � 0, (A.3)

ω ∈ (c0, 1− c0), (1− c1)∆2 < |δ1(β)|, |δ2(β)|, σ2(β) < (1 + c1)∆2,

β − β∗ ∈ Γ(s), ‖β − β∗‖1 ≤ Cb∆, ‖µ1 − µ∗1‖2,s, ‖µ2 − µ∗2‖2,s ≤ Cb∆
}
,

where δ1(β) = β>(µ∗1 −
µ1+µ2

2 ), δ2(β) = β>(µ∗2 −
µ1+µ2

2 ), and σ(β) =
√
β>Σ∗β.

Since ω∗ ∈ (cω, 1− cω), when |ω − ω∗| < r∆ < |c0 − cω|, we have ω ∈ (c0, 1− c0).

∆2 = β∗>δ∗ = β∗>(µ∗1 − µ∗2), then

|∆2/2− β>(µ∗1 −
µ1 + µ2

2
)| = |β∗>(µ∗1 −

µ∗1 + µ∗2
2

)− β>(µ∗1 −
µ1 + µ2

2
)|

≤|β∗>(µ∗1 −
µ∗1 + µ∗2

2
)| − β>(µ∗1 −

µ∗1 + µ∗2
2

)|+ |β>(µ∗1 −
µ∗1 + µ∗2

2
)− β>(µ∗1 −

µ1 + µ2

2
)|

≤‖β∗ − β‖ · ‖µ∗1 −
µ∗1 + µ∗2

2
‖+ |β>(

µ1 + µ2

2
− µ

∗
1 + µ∗2

2
)|

≤r∆ ·
√
M∆

2
+ r∆ · (

√
M∆ + r∆)

=(
3r
√
M

2
+ r2)∆2.

When r <
√

9M+16c1−
√

9M
4 , (3r

√
M

2 + r2)∆2 ≤ c1∆2.

Moreover, when r <
√

c1
M ,

‖σ2(β)−∆2‖ ≤ ‖Σ∗‖‖β − β∗‖22 ≤Mr2∆2 ≤ c1∆2.

Further, since β − β∗ ∈ Γ(s), and thus there exists some S ⊂ [p] with |S| = s such that

‖β − β∗‖1 ≤‖βS − β∗S‖1 + ‖βSc − β∗Sc‖1

≤3‖βS − β∗S‖1 +
3
√
s

2
‖β − β∗‖2

≤5
√
s‖β − β∗‖2 ≤ 5

√
s · r∆.

Therefore, when r < |c0−cω |
∆ ∧

√
9M+16c1−

√
9M

4 ∧
√

c1
M ∧

Cb

5
√
s
, we have

θ ∈ Bcon(θ∗; c0, c1, Cb, s).
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B Proof of the part (2) in Theorem 3.3

In this section we prove the lower bound for estimating β∗. We follow the notations used in

Section 8.2 in the main paper and consider the parameter space Θ1 = {θ = (1/2,µ1,µ2,Σ) :

µ1 = εu+ λe1,µ2 = −µ1,Σ = σ2Ip;u ∈ Ãs} defined in Sectoin 8.2, β = Σ−1(µ1 − µ2) =

2µ1.

Our strategy is to first verify the result in Lemma 3.5 and invoke Fano’s lemma. Here

we use the `2 loss, and define L̃β∗(β̂) = ‖β̂ − β∗‖2. For u ∈ Ãs = {u ∈ {0, 1}p :,u>e1 =

0, ‖u‖0 = s}, denote βu = 2εu + 2λe1, where ε and λ are chosen the same as that in

Section 8.2. Thus for u 6= v,

‖βu − βv‖22 = 4ε2 · ρH(u,v) � s log p

n
.

By triangle inequality, for any u,v ∈ Ãs,

‖βu − β̂‖2 + ‖βv − β̂‖2 ≥ ‖βu − βv‖2 �
√
s log p

n
. (B.1)

Combining (8.4), (B.1) and Fano’s lemma, we obtain the desired lower bound for the

estimation error in β∗.

C Proof of Technical Lemmas

In this section we collect the detailed proofs of Lemmas 3.1, 3.2 and A.1.

C.1 Proof of Lemma 3.1

C.1.1 Goal

Let θ = (ω,µ1,µ2,Σ). We are going to show

|ω(θ)− ω∗| ≤ κ0 · d2,s(θ,θ
∗);

‖µk(θ)− µ∗k‖ ≤ κ0 · d2,s(θ,θ
∗) k = 1, 2;

‖Σ(θ)− Σ∗‖ ≤ κ0 · d2,s(θ,θ
∗).

C.1.2 Preliminaries

Firstly, let’s show the self-consistency: M(θ∗) = θ∗. To see this, recall that M(θ) =

(ω(θ),µ1(θ),µ2(θ),Σ(θ)) can be calculated analytically as (3.6) and (3.7). Then we have

ω(θ∗) = E[γθ∗(Z)] = E[Pθ∗(Y = 2 | Z)] = Pθ∗(Y = 2) = ω∗,
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µ1(θ∗) =
E[(1− γθ∗(Z))Z]

E[1− γθ∗(Z)]
=

E[Pθ∗(Y = 1 | Z)Z]

E[1− γθ∗(Z)]
=

E[E[I(Y = 1) | Z]Z]

E[1− γθ∗(Z)]

=
E[E[ZI(Y = 1) | Z]]

E[1− γθ∗(Z)]
=

E[ZI(Y = 1)]

E[1− γθ∗(Z)]
= µ∗1.

Similarly, we obtain µ2(θ∗) = µ∗2 and Σ(θ∗) = Σ∗.

Therefore, our goal changes to

|ω(θ)− ω(θ∗)| ≤ κ0 · d2,s(θ,θ
∗);

‖µk(θ)− µk(θ∗)‖ ≤ κ0 · d2,s(θ,θ
∗) k = 1, 2;

‖Σ(θ)− Σ(θ∗)‖ ≤ κ0 · d2,s(θ,θ
∗).

Then we inroduce the following elementary facts on the functions f1(t) := 1
{ωet+(1−ω)e−t}2 ,

f2(t) := t
{ωet+(1−ω)e−t}2 and f3(t) := t2−b2

{ωet+(1−ω)e−t}2 , which will be used in our following

proof:

f1(t) ≤ 1

4ω(1− ω)
≤ 1

4 min{ω, 1− ω}
, for all t ∈ R, (C.1)

sup
t∈[a,∞]

f1(t) ≤ 1

min{ω, 1− ω}2
exp(−2a), for all a ≥ 0, (C.2)

|f2(t)| ≤ |t|e−|t|

min{ω, 1− ω}2
≤ 1

4 min{ω2, (1− ω)2}
, for all t ∈ R, (C.3)

sup
t∈[a,∞]

|f2(t)| ≤ 1

min{ω, 1− ω}2
exp(−3a/2), for all a ≥ 0, (C.4)

|f3(t)| ≤ |t
2 − b2| · e−|t|

min{ω, 1− ω}2
≤ 1 + b2

min{ω2, (1− ω)2}
, for all t ∈ R, (C.5)

sup
t∈[a,∞]

|f3(t)| ≤ 1 + b2

min{ω, 1− ω}2
exp(−a), for all a ≥ 0. (C.6)

C.1.3 Taylor expansion of E[γθ(Z)] and E[γθ∗ (Z)Z]
E[γθ∗ (Z)]

For θ = (ω,µ1,µ2,Σ), recall that M(θ) = (ω(θ),µ1(θ),µ2(θ),Σ(θ)) , where

γθ(Z) =
ω

ω + (1− ω) exp{β>(Z − (µ1 + µ2)/2)}
,

ω(θ) = E[γθ(Z)], µ1(θ) =
E[(1− γθ(Z))Z]

E[1− γθ(Z)]
, µ2(θ) =

E[γθ(Z)Z]

E[γθ(Z)]
.
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To show Lemma 3.1, we first verify the following two inequalities:

|E[γθ∗(Z)]− E[γθ(Z)]| ≤ κω(|ω − ω∗| ∨ ‖µ1 − µ∗1‖2,s ∨ ‖µ2 − µ∗2‖2,s ∨ ‖β − β∗‖2), (C.7)∥∥∥∥E[γθ∗(Z)Z]

E[γθ∗(Z)]
− E[γθ(Z)Z]

E[γθ(Z)]

∥∥∥∥
2

≤ κγ(|ω − ω∗| ∨ ‖µ1 − µ∗1‖2,s ∨ ‖µ2 − µ∗2‖2,s ∨ ‖β − β∗‖2),

(C.8)

where the constants κω and κγ are to be determined.

It is clear that γθ(Z) only depends on parameters ω,µ1,µ2 and β. With a little abuse

of notations, we write θ = (ω,µ1,µ2,β) in the rest of the proof. Let ∆θ = θ − θ∗,
θu = θ∗ + u∆θ and gθ(Z) = E[γθ(Z)Z]

E[γθ(Z)] . Then

E[γθ(Z)− γθ∗(Z)] = E
[ ∫ 1

0
〈dγθ(Z)

dθ

∣∣∣
θ=θu

,∆θ〉 du
]

=E
[ ∫ 1

0
〈∂γθ(Z)

∂ω

∣∣∣
θ=θu

,∆ω〉+ 〈∂γθ(Z)

∂β

∣∣∣
θ=θu

,∆β〉+
2∑

k=1

〈∂γθ(Z)

∂µk

∣∣∣
θ=θu

,∆µk
〉 du

]
, (C.9)

and

gθ(Z)− gθ∗(Z) =

∫ 1

0
(
dgθ(Z)

dθ

∣∣∣
θ=θu

)∆θ du

=

∫ 1

0
(
∂gθ(Z)

∂ω

∣∣∣
θ=θu

)∆ω + (
∂gθ(Z)

∂β

∣∣∣
θ=θu

)∆β +

2∑
k=1

(
∂gθ(Z)

∂µk

∣∣∣
θ=θu

)∆µk
du.

We need further calculation to study ∂gθ(Z). By chaining rule, we have

∂gθ(Z) =
1

(E[γθ(Z)])2
(E[γθ(Z)] · E[Z(∂γθ(Z))>]− E[γθ(Z)Z]E[∂γθ(Z)]>)

=
1

ω(θ)2
(ω(θ)E[Z(∂γθ(Z))>]− E[γθ(Z)Z]E[∂γθ(Z)]>)

=
1

ω(θ)2
(ω(θ)E[(Z − µ2)(∂γθ(Z))>]− E[γθ(Z)(Z − µ2)]E[∂γθ(Z)]>), (C.10)

where the last equality is due to the fact that

ω(θ)E[µ2(∂γθ(Z))>] = ω(θ)µ2E[(∂γθ(Z))>] = E[γθ(Z)]µ2E[(∂γθ(Z))>].

Therefore, ∂gθ(Z) is a function of ∂γθ(Z). To show (C.7) and (C.8), we look at the

partial derivatives of γθ(Z) with respect to each parameter in θ. Some calculations yield
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that

∂

∂ω
γθ(Z) =

exp{β>(Z − µ1+µ2

2 )}[
ω + (1− ω) exp{β>(Z − µ1+µ2

2 )}
]2 ,

∂

∂β
γθ(Z) = −

ω(1− ω) exp{β>(Z − µ1+µ2

2 )}[
ω + (1− ω) exp{β>(Z − µ1+µ2

2 )}
]2{Z − µ1 + µ2

2

}
= −ω(1− ω)

∂

∂ω
γθ(Z)

{
Z − µ1 + µ2

2

}
, (C.11)

∂

∂µk
γθ(Z) =

ω(1− ω) exp{β>(Z − µ1+µ2

2 )}[
ω + (1− ω) exp{β>(Z − µ1+µ2

2 )}
]2 β2

= ω(1− ω)
∂

∂ω
γθ(Z) · β

2
, k = 1, 2.

Due to the self-consistency shown above, θ∗ is a stationary point such that M(θ∗) = θ∗.

This implies that the terms on the right hand side of (C.11) should be very small in

expectation when θ is close to θ∗.

It is easy to see that all three terms in (C.11) depend on the random variable β>{Z −
(µ1 + µ2)/2}. In the following, we first show that β>{Z − (µ1 + µ2)/2} can be equiva-

lently written as a one-dimensional normal random variable, and use this fact to obtain

probabilistic bounds of the expectations of the three terms in (C.11).

Let Z̃ = (Ω∗)1/2{Z − (µ∗1 + µ∗2)/2}. Then

Z̃ ∼(1− ω∗)Np

(
(Ω∗)1/2µ

∗
1 − µ∗2

2
, Ip
)

+ ω∗Np

(
− (Ω∗)1/2µ

∗
1 − µ∗2

2
, Ip
)

:= Ψ + ZN ,

where Ψ ∼ (1− ω∗) · (Ω∗)1/2(
µ∗1−µ∗2

2 ) + ω∗ · (−Ω∗)1/2(
µ∗1−µ∗2

2 ), and ZN ∼ Np(0, Ip). The

random vector Z can be further rewritten in terms of Z̃ as Z = (Σ∗)1/2Z̃ + (µ∗1 + µ∗2)/2.

For convenience, we introduce the following notations. Let

∆β = β − β∗, ∆µ = (µ1 + µ2 − µ∗2 − µ∗1)/2,

δβ = β>(Σ∗)1/2Ψ− β>∆µ, that is, P(δβ = δ1(β)) = 1− ω∗ = 1− P(δβ = δ2(β)),

δ1(β) = β>(µ∗1 −
µ1 + µ2

2
), δ2(β) = β>(µ∗2 −

µ1 + µ2

2
), σ(β) =

√
β>Σ∗β.

Then

β>
(
Z − µ1 + µ2

2

)
= β>(Σ∗)1/2Z̃ − β>∆µ

d
= β>(Σ∗)1/2(Ψ + ZN )− β>∆µ

= δβ + β>(Σ∗)1/2ZN

d
= δβ + σ(β)ZN1 ,
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where ZN1 is a standard normal random variable.

C.1.4 Contraction for the mixing proportion

Define the event

E1 = {|σ(β)ZN1 | <
1− c1

2
∆2}.

Since on Bcon(θ∗; c0, c1, Cb, s), σ(β) < c2∆, using an elementary bound on the tails of

Gaussian distribution we obtain

P(Ec1) ≤ 2 exp

{
−(1− c1)2∆2

8(1 + c1)

}
.

Since P(δβ = δ1(β)) = 1−ω∗ = 1−P(δβ = δ2(β)), |δβ| ≥ c1∆2 on Bcon(θ∗; c0, c1, Cb, s).

Therefore on the event E1, we also have |δβ +σ(β)ZN1 | ≥ |δβ| − |σ(β)ZN1 | ≥ (1− c1)∆2/2.

It follows that

E
[ ∂
∂ω

γθ(Z)
]

=E

[
exp(δβ + σ(β)ZN1){

ω + (1− ω) exp(δβ + σ(β)ZN1)
}2

]

=E

[
exp(δβ + σ(β)ZN1){

ω + (1− ω) exp(δβ + σ(β)ZN1)
}2 | E1

]
P(E1)+

E

[
exp(δβ + σ(β)ZN1){

ω + (1− ω) exp(δβ + σ(β)ZN1)
}2 | E

c
1

]
P(Ec1)

≤ 1

min{ω2, (1− ω)2}
exp

(
−1− c1

2
∆2

)
+

1

4 min{ω, 1− ω}
exp

(
−(1− c1)2∆2

8(1 + c1)

)
≤ 2

c2
0

exp(−(
1− c1

2
∧ (1− c1)2

8(1 + c1)
)∆2) := c3 exp(−c4∆2), (C.12)

where the first inequality comes from the facts in (C.1) and (C.2), and the constants c3 := 2
c20

,

c4 = 1−c1
2 ∧ (1−c1)2

8(1+c1) also depend on c0, c1, c2, defined in Bcon(θ∗; c0, c1, Cb, s).

To bound

∣∣∣∣〈∂γθ(Z)
∂β

∣∣∣
θ=θu

,∆β〉
∣∣∣∣, we notice that

∂γθ(Z)

∂β
=

ω(1− ω) exp{β>(Z − µ1+µ2

2 )}[
ω + (1− ω) exp{β>(Z − µ1+µ2

2 )}
]2(Z − µ1 + µ2

2

)
d
=ω(1− ω)

∂γθ(Z)

∂ω

{
(Σ∗)1/2(Ψ + ZN )−∆µ

}
.
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Then ∣∣∣∣E[〈∂γθ(Z)

∂β

∣∣∣
θ=θu

,∆β〉
]∣∣∣∣ ≤ ∣∣∣∣〈E[ω(1− ω)

∂γθ(Z)

∂ω
· (Σ∗)1/2ZN

]
,∆β〉

∣∣∣∣
+

∥∥∥∥E[ω(1− ω)
∂γθ(Z)

∂ω
· (Σ∗)1/2Ψ

]∥∥∥∥
2

· ‖∆β‖2

+

∥∥∥∥E[ω(1− ω)
∂γθ(Z)

∂ω
·∆µ

]∥∥∥∥
2

· ‖∆β‖2. (C.13)

We bound the last two terms in (C.13) first. By (C.12), the second term in (C.13) can be

bounded from above by

ω(1− ω) · c3 exp(−c4∆2) ·
∥∥∥(Σ∗)1/2Ψ

∥∥∥
2
· ‖∆β‖2

≤ω(1− ω) · c3 exp(−c4∆2) · 1

2

√
M∆ · ‖∆β‖2

≤c3

8
exp(−c4∆2) ·

√
M∆ · ‖∆β‖2, (C.14)

and the third term by

ω(1− ω) · c3 exp(−c4∆2) · ‖∆µ‖2 · ‖∆β‖2

≤Cbc3

4
exp(−c4∆2) ·∆ · ‖∆β‖2. (C.15)

To bound the first term in (C.13), let α> = β>(Σ∗)1/2, and H be an orthogonal matrix

whose first row is αT /‖α‖2. Then we have

Hα = ‖α‖2e1 = σ(β)e1,

where e1 is the basis vector in the Euclidean space whose first entry is 1 and zero elsewhere.

Note that E[∂γθ(Z)
∂ω (Σ∗)1/2ZN ] = (Σ∗)1/2H>E[∂γθ(Z)

∂ω HZN ], and

E
[
∂γθ(Z)

∂ω
HZN

]
=E

[
exp{δβ + β>(Σ∗)1/2ZN}[

ω + (1− ω) exp{δβ + β>(Σ∗)1/2ZN}
]2HZN

]

=E

[
exp{δβ +α>H>HZN}[

ω + (1− ω) exp{δβ +α>H>HZN}
]2HZN

]
Y=HZN= E

[
exp{δβ + ‖α‖2Y1}[

ω + (1− ω) exp{δβ + ‖α‖2Y1}
]2Y

]

=E

[
exp{δβ + σ(β)ZN1}[

ω + (1− ω) exp{δβ + σ(β)ZN1}
]2ZN1e1

]
,

where Y1 is the first coordinate of Y ∼ Np(0, Ip), and is a standard normal random variable.
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Thus Y1
d
= ZN1 , and the last equality uses the fact that ZN1 and ZNi are independent for

any 1 < i ≤ p and E[ZNi] = 0.

Multiplying (Σ∗)1/2H> and E[∂γθ(Z)
∂ω HZN ] yields

E
[
∂γθ(Z)

∂ω
(Σ∗)1/2ZN

]
=E

[
exp{δβ + σ(β)ZN1}[

ω + (1− ω) exp{δβ + σ(β)ZN1}
]2ZN1

]
(Σ∗)1/2H>e1

=E

[
exp{δβ + σ(β)ZN1}[

ω + (1− ω) exp{δβ + σ(β)ZN1}
]2ZN1

]
(Σ∗)1/2 α

σ(β)

=E

[
exp{δβ + σ(β)ZN1}[

ω + (1− ω) exp{δβ + σ(β)ZN1}
]2σ(β)ZN1

]
· Σ∗β · 1

σ2(β)
.

Recall the event E1 = {|σ(β)ZN1 | < c1∆2/2}. Using the facts in (C.1), (C.2), (C.3), (C.4)

and (1− c1)∆2 < σ2(β), δ(β) < (1 + c1)∆2, we obtain∣∣∣∣∣E
[

exp(δβ + σ(β)ZN1){
ω + (1− ω) exp(δβ + σ(β)ZN1)

}2σ(β)ZN1

]∣∣∣∣∣
=

∣∣∣∣∣E
[

exp(δβ + σ(β)ZN1){
ω + (1− ω) exp(δβ + σ(β)ZN1)

}2σ(β)ZN1 | E1

]
P(E1)+

E

[
exp(δβ + σ(β)ZN1){

ω + (1− ω) exp(δβ + σ(β)ZN1)
}2σ(β)ZN1 | Ec1

]
P(Ec1)

∣∣∣∣∣
≤ 1

2 min{ω2, (1− ω)2}
exp

(
−3(1− c1)

8
∆2

)
+

1

4 min{ω2, (1− ω)2}
exp

(
−(1− c1)2∆2

8(1 + c1)

)
≤ 2

c2
0

exp(−(
3(1− c1)

8
∧ (1− c1)2

8(1 + c1)
)∆2) ≤ c3 exp(−c4∆2).

Combining the pieces, the first term in (C.13) is bounded by∣∣∣∣〈E [ω(1− ω)
∂γθ(Z)

∂ω
· (Σ∗)1/2ZN

]
,∆β〉

∣∣∣∣
≤ω(1− ω)

σ2(β)
c3 exp(−c4∆2) |〈Σ∗β,∆β〉 |

≤
√
M

4
√

1− c1∆
c3 exp(−c4∆2) · ‖∆β‖2, (C.16)

where the second inequality uses the fact that ‖Σ∗β‖ ≤
√
M‖Σ1/2∗β‖ =

√
Mσ(β) and

σ(β) >
√

1− c1∆.

Therefore by (C.14), (C.15) and (C.16), we obtain∣∣∣∣E[〈∂γθ(Z)

∂β

∣∣∣
θ=θu

,∆β〉
]∣∣∣∣ ≤ cβ1‖∆β‖2 (C.17)
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where cβ1 = (
√
M+Cb

4 ∆ +
√
M

4
√

1−c1∆
) · c3 exp(−c4∆2).

Finally,

|〈 ∂

∂µ1
E[γθ(Z)],∆µ1〉| =

∣∣∣∣∣E
[

ω(1− ω) exp{β>(Z − (µ1 + µ2)/2)}[
ω + (1− ω) exp{β>(Z − (µ1 + µ2)/2)}

]2
]
〈β

2
,∆µ1〉

∣∣∣∣∣
≤ω(1− ω) · c3 · exp(−c4∆2) · (|〈β − β

∗

2
,∆µ1〉|+ |〈

β∗

2
,∆µ1〉|)

≤ω(1− ω) · c3 · exp(−c4∆2) · Cb +
√
M

2
∆‖µ∗1 − µ1‖2,s

≤Cb +
√
M

8
∆ · c3 exp(−c4∆2)‖µ∗1 − µ1‖2,s,

By symmetry, this is also true for µ2, and therefore we have∣∣∣∣E[〈∂γθ(Z)

∂µk

∣∣∣
θ=θu

,∆µk
〉
]∣∣∣∣ ≤ Cb +

√
M

8
∆ · c3 exp(−c4∆2)‖µ∗k − µk‖2,s, k = 1, 2. (C.18)

In summary, plugging (C.12), (C.17), (C.18) into (C.9), and letting κω = c3 exp(−c4∆2)·
[(
√
M+Cb

2 ∆ +
√
M

4
√

1−c1∆
) + 1], we have

|E[γθ∗(Z)]− E[γθ(Z)]| ≤ κω(|ω − ω∗| ∨ ‖µ1 − µ∗1‖2,s ∨ ‖µ2 − µ∗2‖2,s ∨ ‖β − β∗‖2,s).

which concludes the first inequality (C.7).

C.1.5 Contraction on the mean

Then let us proceed to show the inequality (C.8). First recall that Z = (Σ∗)1/2ZN +

{µ
∗
1+µ∗2

2 + (Σ∗)1/2Ψ}, where ZN ∼ Np(0, Ip) and
µ∗1+µ∗2

2 + (Σ∗)1/2Ψ ∼ (1 − ω)∗µ∗1 + ω∗µ∗2.

Then by (C.10), (C.12) and (C.16), to show the contraction ‖∂gθ(Z)
∂ω ∆ω‖2 ≤ cω2|∆ω|, we

only need to bound

2

∥∥∥∥ ∂∂ωE[γθ(Z)(Z − µ2)]

∥∥∥∥
2

=2

∥∥∥∥E[ ∂∂ωγθ(Z)(Σ∗)1/2ZN

]∥∥∥∥
2

+ 2

∥∥∥∥E[ ∂∂ωγθ(Z)
]{µ∗1 + µ∗2

2
+ (Σ∗)1/2Ψ− µ2

}∥∥∥∥
2

≤2

∥∥∥∥E[ ∂∂ωγθ(Z)(Σ∗)1/2ZN

]∥∥∥∥
2

+ 2c3 exp(−c4∆2)(
√
M + Cb)∆

≤2

√
M√

1− c1∆
c3 exp(−c4∆2) + 2c3 exp(−c4∆2)(

√
M + Cb)∆

≤2(

√
M√

1− c1∆
c3 + c3(

√
M + Cb)∆) exp(−c4∆2) := c6 exp(−c4∆2). (C.19)
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Next we are going to show ‖E[〈∂γθ(Z)
∂β

∣∣∣
θ=θu

,∆β〉(Z−µ2)]‖2 ≤ cβ2‖∆β‖2 for some cβ2 > 0.

By (C.10), it suffices to bound ‖E[ ∂∂βγθ(Z)(Z − µ2)]‖2.

Since Z = (Σ∗)1/2Z̃ + (µ∗1 +µ∗2)/2 with Z̃ = Ψ + ZN , we have Z = (Σ∗)1/2(Ψ + ZN ) +

(µ∗1 + µ∗2)/2 = (Σ∗)1/2ZN + (Σ∗)1/2Ψ + (µ∗1 + µ∗2)/2, and it follows

(Z − µ2)(Z − µ1 + µ2

2
)> =(Σ∗)1/2ZNZN

>(Σ∗)1/2 +
{µ∗1 + µ∗2

2
+ (Σ∗)1/2Ψ− µ2

}
ZN
>(Σ∗)1/2

+ (Σ∗)1/2ZN

{µ∗1 + µ∗2
2

+ (Σ∗)1/2Ψ− µ1 + µ2

2

}
>

+
{µ∗1 + µ∗2

2
+ (Σ∗)1/2Ψ− µ2

}{µ∗1 + µ∗2
2

+ (Σ∗)1/2Ψ− µ1 + µ2

2

}
>.

By definition,
µ∗1 + µ∗2

2
+ (Σ∗)1/2Ψ ∼ (1− ω∗)µ∗1 + ω∗µ∗2.

Therefore by (C.11)

1

ω(1− ω)

∂

∂β
E[γθ(Z)(Z − µ2)] = E

[
∂

∂ω
γθ(Z)(Z − µ2)Z>

]
− E[

∂

∂ω
γθ(Z)(Z − µ2)] · (µ1 + µ2

2
)>

=E
[
∂

∂ω
γθ(Z)(Σ∗)1/2ZNZN

>(Σ∗)1/2

]
+ E

[
∂

∂ω
γθ(Z)(Σ∗)1/2ZN

{µ∗1 + µ∗2
2

− µ1 + µ2

2
+ (Σ∗)1/2Ψ

}
>
]

+ E
[
∂

∂ω
γθ(Z)

{µ∗1 + µ∗2
2

− µ2 + (Σ∗)1/2Ψ
}
ZN
>(Σ∗)1/2

]
+ E

[
∂

∂ω
γθ(Z)

]{µ∗1 + µ∗2
2

− µ2 + (Σ∗)1/2Ψ
}{µ∗1 + µ∗2

2
− µ1 + µ2

2
+ (Σ∗)1/2Ψ

}
>.

(C.20)

The second to forth terms are easier to bound. For the second term in (C.20), its ‖ · ‖2
norm can be bounded from above by∥∥∥∥E [ ∂∂ωγθ(Z)(Σ∗)1/2ZN

{µ∗1 + µ∗2
2

− µ1 + µ2

2
+ (Σ∗)1/2Ψ

}
>
]∥∥∥∥

2

≤
∥∥∥∥E [ ∂∂ωγθ(Z)(Σ∗)1/2ZN

]∥∥∥∥
2

·
∥∥∥{∆µ + (Σ∗)1/2Ψ

}
>
∥∥∥

2

≤c6 exp(−c4∆2) · (
√
M + Cb)∆,

where the last inequality is due to (C.19). The ‖ · ‖2 norm of the third term in (C.20) can
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be similarly bounded by∥∥∥∥E [ ∂∂ωγθ(Z)
{µ∗1 + µ∗2

2
− µ2 + (Σ∗)1/2Ψ

}
ZN
>(Σ∗)1/2

]∥∥∥∥
2

≤
∥∥∥∥E [ ∂∂ωγθ(Z)(Σ∗)1/2ZN

]∥∥∥∥
2

·
∥∥∥∥{µ∗1 + µ∗2

2
− µ2 + (Σ∗)1/2Ψ

}
>
∥∥∥∥

2

≤c6 exp(−c4∆2) · (
√
M + Cb)∆,

Further, the forth term can be bounded by∥∥∥∥E[ ∂∂ωγθ(Z)
]{µ∗1 + µ∗2

2
− µ2 + (Σ∗)1/2Ψ

}{µ∗1 + µ∗2
2

− µ1 + µ2

2
+ (Σ∗)1/2Ψ

}
>
∥∥∥∥

2

≤2c3 exp(−c4∆2) · (M + C2
b )∆2

Lastly we bound the first term in (C.20). Recall that α> = β>(Σ∗)1/2, H is an orthog-

onal matrix whose first row is α/‖α‖2, and Hα = ‖α‖2e1. Then

E

[
exp{δβ +α>H>HZN}[

ω + (1− ω) exp{δβ +α>H>HZN}
]2HZNZN>H>

]
Y=HZN= E

[
exp{δβ + ‖α‖2Y1}[

ω + (1− ω) exp{δβ + ‖α‖2Y1}
]2Y Y >

]

=E

[
eδβ+‖α‖2Y1{

ω + (1− ω)eδβ+‖α‖2Y1
}2 (Y 2

1 − 1)

]
e1e1

> + E

[
eδβ+‖α‖2Y1{

ω + (1− ω)eδβ+‖α‖2Y1
}2

]
Ip

d
=E

[
eδβ+σ(β)ZN1{

ω + (1− ω)eδβ+σ(β)ZN1

}2 (Z2
N1
− 1)

]
e1e1

> + E

[
eδβ+σ(β)ZN1{

ω + (1− ω)eδβ+σ(β)ZN1

}2

]
Ip

:=v1e1e1
> + v2Ip,

where we have defined

v1 = E

[
eδβ+σ(β)ZN1{

ω + (1− ω)eδβ+σ(β)ZN1

}2 (Z2
N1
− 1)

]
, v2 = E

[
eδβ+σ(β)ZN1{

ω + (1− ω)eδβ+σ(β)ZN1

}2

]
.

Recall the event E1 = {|σ(β)ZN1 | < 1−c1
2 ∆2}. Using the facts in (C.1), (C.2), (C.5) and
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(C.6), we obtain

v1 =

∣∣∣∣∣E
[

eδβ+σ(β)ZN1{
ω + (1− ω)eδβ+σ(β)ZN1

}2 (Z2
N1
− 1)

]∣∣∣∣∣
=

∣∣∣∣∣E
[

eδβ+σ(β)ZN1{
ω + (1− ω)eδβ+σ(β)ZN1

}2 (Z2
N1
− 1) | E1

]
P(E1)+

E

[
eδβ+σ(β)ZN1{

ω + (1− ω)eδβ+σ(β)ZN1

}2 (Z2
N1
− 1) | Ec1

]
P(Ec1)

∣∣∣∣∣
=

∣∣∣∣∣E
[

eδβ+σ(β)ZN1{
ω + (1− ω)eδβ+σ(β)ZN1

}2 (
(δβ + σ(β)ZN1)2 − 2δβ(σ(β)ZN1 + δβ)− 2δ2

β − σ2(β)

σ2(β)
) | E1

]
P(E1)+

E

[
eδβ+σ(β)ZN1{

ω + (1− ω)eδβ+σ(β)ZN1

}2 (
(δβ + σ(β)ZN1)2 − 2δβ(σ(β)ZN1 + δβ)− 2δ2

β − σ2(β)

σ2(β)
) | Ec1

]
P(Ec1)

∣∣∣∣∣
≤1 + 2(1 + c1)∆2 + 2(1 + c1)2∆4

(1− c1)∆2
· 2

min{ω2, (1− ω)2}
exp

(
−c1

4
∆2
)

+
1 + 2(1 + c1)∆2 + 2(1 + c1)2∆4

(1− c1)∆2 min{ω2, (1− ω)2}
exp

(
−(1− c1)2∆2

8(1 + c1)

)
≤1 + 2(1 + c1)∆2 + 2(1 + c1)2∆4

(1− c1)∆2
· 2

c2
0

exp

{
−
(c1

4
∧ (1− c1)2

8(1 + c1)

)
∆2

}
:= c7 exp(−c4∆2).

Additionally, v2 can be similarly bounded by

v2 ≤ c3 exp(−c4∆2).

By multiplying Σ∗1/2 on both left and right hands, we then get∥∥∥∥∥E
[

exp{δβ + (β∗ + ∆β)>(Σ∗)1/2ZN}[
ω + (1− ω) exp{δβ + (β∗ + ∆β)>(Σ∗)1/2ZN}

]2 (Σ∗)1/2ZNZN
>(Σ∗)1/2

]∥∥∥∥∥
2

=‖(Σ∗)1/2H>(v1e1e1
> + v2Ip)H(Σ∗)1/2‖2

=‖ v1

‖α‖22
(Σ∗)1/2αα>(Σ∗)1/2 + v2Σ∗‖2

≤ v1

‖α‖22
M∆2 + v2M

≤ v1

σ(β)2
M∆2 + v2M

≤ 4Mc7

(1− c1)
exp(−c4∆2) + c3M exp(−c4∆2).

Combining the pieces yields

‖E[〈∂γθ(Z)

∂β

∣∣∣
θ=θu

,∆β〉Z]‖2 ≤ cβ2‖∆β‖2,s,
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where cβ2 = exp(−c4∆2)
[(
M + (M + C2

b )∆2
)
c3 + (1 + 2(

√
M + Cb)∆)c6 + 4M

1−c1 c7

]
.

Finally, by (C.19)∥∥∥∥ ∂

∂µk
E[γθ(Z)(Z − µ2)]∆µk

∥∥∥∥
2

=

∥∥∥∥∥E
[

ω(1− ω) exp{β>(Z − (µ1 + µ2)/2)}[
ω + (1− ω) exp{β>(Z − (µ1 + µ2)/2)}

]2 (Z − µ2)

]∥∥∥∥∥
2

〈β,∆µk
〉

2

≤ω(1− ω)

∥∥∥∥ ∂∂ωE[γθ(Z)(Z − µ2)]

∥∥∥∥
2

‖β∗‖2 + ‖β − β∗‖2
2

‖∆µk
‖2,s

≤2(Cb +
√
M)∆c6 exp(−c4∆2)‖∆µk

‖2,s,

where the first inequality follows the fact that β∗,β − β∗ ∈ Γ(s).

Let κµ = c3 exp(−c4∆2)+exp(−c4∆2)
[(
M + (M + C2

b )∆2
)
c3 + (1 + 2(

√
M + Cb)∆)c6 + 4M

1−c1 c7

]
+

2(Cb +
√
M)∆c6 exp(−c4∆2). Then (C.8) holds:

‖E[γθ∗(Z)Z]

E[γθ∗(Z)]
− E[γθ(Z)Z]

E[γθ(Z)]
‖2 ≤ κµ(|ω − ω∗| ∨ ‖µ1 − µ∗1‖2,s ∨ ‖µ2 − µ∗2‖2,s ∨ ‖β − β∗‖2).

Similarly, we also have

‖µ1(θ)− µ1
∗‖2 ≤ κµ · (|ω − ω∗| ∨ ‖µ1 − µ∗1‖2,s ∨ ‖µ2 − µ∗2‖2,s ∨ ‖β − β∗‖2),

which implies

‖µk(θ)−µ∗k‖2 ≤ κµ(|ω−ω∗|∨‖µ1−µ∗1‖2,s∨‖µ2−µ∗2‖2,s∨‖β−β∗‖2), k = 1, 2. (C.21)

C.1.6 Contraction on the covariance matrix

Let µ∗ = (1− ω∗)µ∗1 + ω∗µ∗2, we have

Σ(θ)− Σ∗ = [1− ω(θ)]µ1(θ)[µ1(θ)]> − [1− ω∗]µ∗1(µ∗1)> + ω(θ)µ2(θ)[µ2(θ)]> − ω∗µ∗2(µ∗2)>

= [1− ω(θ)](µ1(θ)− µ∗)[µ1(θ)− µ∗]> − [1− ω∗](µ∗1 − µ∗)(µ∗1 − µ∗)>

+ ω(θ)(µ2(θ)− µ∗)[µ2(θ)− µ∗]> − ω∗(µ2 − µ∗)∗(µ∗2 − µ∗)>,

where the second equality uses the fact (1−ω(θ))µ1(θ) +ω(θ)µ2(θ) = E[(1− γθ(Z))Z] +

E[γθ(Z)Z] = E[Z] = (1− ω∗)µ∗1 + ω∗µ∗2.

By triangle inequality,

‖Σ(θ)− Σ∗‖2 ≤ ‖[1− ω(θ)](µ1(θ)− µ∗)(µ1(θ)− µ∗)> − [1− ω∗](µ∗1 − µ∗)(µ∗1 − µ∗)>‖2︸ ︷︷ ︸
(i)

+ ‖ω(θ)(µ2(θ)− µ∗)[µ2(θ)− µ∗]> − ω∗(µ2 − µ∗)∗(µ∗2 − µ∗)>‖2︸ ︷︷ ︸
(ii)

.
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The first term (i) can be bounded from above by

(i) ≤|ω∗ − ω(θ)| · ‖(µ∗1 − µ∗)(µ∗1 − µ∗)>‖2
+ |1− ω(θ)| · ‖(µ1(θ)− µ∗)(µ1(θ)− µ∗)> − (µ∗1 − µ∗)(µ∗1 − µ∗)>‖2

≤|ω∗ − ω(θ)| · ‖(µ∗1 − µ∗)(µ∗1 − µ∗)>‖2
+ |1− ω(θ)| · ‖(µ1(θ)− µ∗)(µ1(θ)− µ∗)> − (µ1(θ)− µ∗)(µ∗1 − µ∗)>‖2
+ |1− ω(θ)| · ‖(µ1(θ)− µ∗)(µ∗1 − µ∗)> − (µ∗1 − µ∗)(µ∗1 − µ∗)>‖2
≤|ω∗ − ω(θ)| · ‖(µ∗1 − µ∗)(µ∗1 − µ∗)>‖2

+ |1− ω(θ)| · ‖(µ1(θ)− µ∗)(µ1(θ)− µ∗1)>‖2
+ |1− ω(θ)| · ‖(µ1(θ)− µ∗1)(µ∗1 − µ∗)>‖2

≤|ω∗ − ω(θ)| ·∆2 + ‖µ1(θ)− µ∗1‖2 · ‖µ1(θ)− µ∗‖2
≤|ω∗ − ω(θ)| ·∆2 + ‖µ1(θ)− µ∗1‖2 · (‖µ1(θ)− µ∗1‖2 + ‖µ∗1 − µ∗‖2)

≤κω∆2 · d2,s(θ,θ
∗) + κµ · d2,s(θ,θ

∗)(κµ · d2,s(θ,θ
∗) +

√
M∆)

≤κω∆2 · d2,s(θ,θ
∗) + κµ · d2,s(θ,θ

∗)(Cb∆ +
√
M∆)

=(κω∆2 + κµ · (Cb∆ +
√
M∆))d2,s(θ,θ

∗).

Term (ii) can be bounded similarly. It follows immediately that

‖(Σ(θ)− Σ∗)β∗‖2 ≤‖Σ(θ)− Σ∗‖2 ·
√
M∆ (C.22)

≤κΣ(|ω − ω∗| ∨ ‖µ1 − µ∗1‖2 ∨ ‖µ2 − µ∗2‖2,s ∨ ‖β − β∗‖2,s), (C.23)

with κΣ := κω
√
M∆3 + κµ · (

√
MCb∆

2 +M∆3).

Recall that κω = c3 exp(−c4∆2) · [(
√
M+Cb

2 ∆ +
√
M

4
√

1−c1∆
) + 1],

κµ = exp(−c4∆2)

[
c3 +

(
M + (M + C2

b )∆2
)
c3 + (1 + 2(

√
M + Cb)∆)c6 +

4M

1− c1
c7 + 2(Cb +

√
M)∆c6

]
= exp(−c4∆2)

[
(c3 +Mc3 +

4M

1− c1
c7 + c6) + 4(

√
M + Cb)c6∆ + (M + C2

b )c3∆2

]
.
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Assuming ∆ > M−1/6, we then have

κ0 :=κω ∨ κµ ∨ κΣ ≤ κω
√
M∆3 + κµ · (

√
MCb∆

2 +M∆3 + 1)

≤ exp(−c4∆2) ·
{

[(
M +

√
MCb

2
c3∆4 +

Mc3

4
√

1− c1
∆2) +

√
M∆3]

+

[
(c3 +Mc3 +

4M

1− c1
c7 + c6) + 4(

√
M + Cb)c6∆ + (M + C2

b )c3∆2

]
· (
√
MCb∆

2 +M∆3 + 1)
}

= exp(−c4∆2) · poly(∆; c0, c1,M,Cb)

:=fκ(∆; c0, c1,M,Cb),

where as denoted before, c3 = 2
c20

, c4 = 1−c1
2 ∧ (1−c1)2

8(1+c1) , c6 = 2(
√
M√

1−c1∆
c3 + c3(

√
M + Cb)∆),

c7 = 1+2(1+c1)∆2+2(1+c1)2∆4

(1−c1)∆2 · 2
c20

.

Let C(c0, c1,M,Cb) denotes the number that satisfy

fκ(∆; c0, c1,M,Cb) <
1

2 ∨ (16M)
(C.24)

when ∆ > C(c0, c1,M,Cb).

Therefore, when ∆ > M−1/6 ∨ C(c0, c1,M,Cb), there exists κ0 ∈ 2
12MC1+3 , such that

d2,s(M(θ),θ∗) ≤ κ0 · d2,s(θ,θ
∗) ∨ ‖β − β∗‖2.

This concludes the proof.

C.2 Proof of Lemma 3.2

We divide the proof into several parts, where each part shows derivation of the concentration

inequalities for the estimate ω̂, µ̂1, µ̂2 and Σ̂ separately. Key components in showing

our concentration results are the following lemma on a variant of Talagrand comparison

inequality and another lemma on the covering number of Γ(s).

C.2.1 A variant of Talagrand comparison inequality

First, recall a function f : X → R is Lipschitz with constant L if and only if |f(x1)−f(x2)| ≤
L‖x1 − x2‖ for any x1,x2 ∈ X , where X is some Polish space.

Lemma C.1. Let z(1), ...,z(n) be n independent realizations of the random variable z ∈ X
and F be a function class defined on X . Suppose ε1, ..., εn are i.i.d. Rademacher random

variables. Consider the Lipschitz functions ψi(·) (i = 1, ..., n) with Lipschitz constant L

that satisfy ψ(0) = 0. Then for any increasing convex function φ(·) and a fixed g ∈ F , we
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have

E

[
φ

(∣∣∣ sup
f∈F

n∑
i=1

εi · ψi[f(z(i))] · g(z(i))
∣∣∣)] ≤ E

[
φ

(
2
∣∣∣L · sup

f∈F

n∑
i=1

εi · f(z(i)) · g(z(i))
∣∣∣)]

Proof. First we fix sample S = (z(1), ...,z(n)), and write

Eε
{
φ[| sup

f∈F

n∑
i=1

εi · ψi[f(z(i))] · g(z(i))|]
}

=Eε1,...,εn−1Eεn
{
φ[| sup

f∈F

n∑
i=1

εi · ψi[f(z(i))] · g(z(i))|]
}

=Eε1,...,εn−1Eεn
{
φ[| sup

f∈F
An−1(f) + εn · ψn[f(z(n))] · g(z(n))|]

}
=

1

2
Eε1,...,εn−1Eεn

{
φ[| sup

f∈F
An−1(f) + ψn[f(z(n))] · g(z(n))|]

}
+

1

2
Eε1,...,εn−1Eεn

{
φ[| sup

f∈F
An−1(f)− ψn[f(z(n))] · g(z(n))|]

}
,

where An−1(f) =
∑n−1

i=1 εi · ψi[f(z(i))] · g(z(i)).

Suppose the suprema on the right hand side of the equation above are achieved at

(f1, f2). Then we claim

Eεn
{
φ[sup
f∈F

An−1(f) + εn · ψn[f(z(n))] · g(z(n))]
}

=
1

2
Eεn
{
φ[An−1(f1) + ψn[f1(z(n))] · g(z(n))]

}
+

1

2
Eεn
{
φ[An−1(f2)− ψn[f2(z(n))] · g(z(n))]

}
≤1

2
Eεn
{
φ[An−1(f1) + sLf1(z(n)) · g(z(n))]

}
+

1

2
Eεn
{
φ[An−1(f2)− sLf2(z(n)) · g(z(n))]

}
,

(C.25)

where s = sgn({f1(z(n))− f2(z(n))}g(z(n))).

In the following we proceed to prove (C.25). Without loss of generality, assume g(z(n)) ≥
0. We consider the following two cases: 1). f1(z(n))f2(z(n)) ≥ 0, and 2). f1(z(n))f2(z(n)) <

0.

In the first case f1(z(n))f2(z(n)) ≥ 0, we assume, without loss of generality, f1(z(n)) ≥
f2(z(n)) ≥ 0. (The proof for the cases f2(z(n)) ≥ f1(z(n)) ≥ 0 and f1(z(n)), f2(z(n)) ≤ 0

are similar.)

By the Lipschitz property, we have

L{f1(z(n))− f2(z(n))} · g(z(n)) ≥ ψn[f1(z(n))]− ψn[f2(z(n))] · g(z(n)).

Let

a = An−1(f1) + ψn[f1(z(n))] · g(z(n)), b = An−1(f1) + sLf1(z(n)) · g(z(n)),
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and

c = An−1(f2)− ψn[f2(z(n))] · g(z(n)), d = An−1(f2)− sLf2(z(n)) · g(z(n)).

Then the Lipschitz property implies that b− a ≥ c− d.

In addition, by the increasing property of φ, and the facts that f1 is the maximizer and

ψn(0) = 0,

a = An−1(f1) + ψn[f1(z(n))] · g(z(n)) ≥ An−1(f2) + ψn[f2(z(n))] · g(z(n))

≥ An−1(f2)− sLf2(z(n)) · g(z(n)) = d.

Therefore by the convexity of φ, the increment φ(b) − φ(a) is lager than φ(c) − φ(d), and

we have the inequality (C.25).

For the second case where f1(z(n))f2(z(n)) < 0, we assume, without loss of generality,

f1(z(n)) > 0 > f2(z(n)) and s = 1. The the monotonicity of φ directly yields

φ(a) + φ(c) ≤ φ(b) + φ(d),

which is equivalent to (C.25).

Further, note εi’s are Rademacher random variables,

1

2
Eεn
{
φ[An−1(f1) + sLf1(z(n)) · g(z(n))]

}
+

1

2
Eεn
{
φ[An−1(f2)− sLf2(z(n)) · g(z(n))]

}
≤Eεn

{
sup
f∈F

φ[An−1(f) + Lεn[f(z(n))] · g(z(n))]
}
.

Following the same procedure, we can replace all ψi[f(z(i))] by Lf(z(i)). This completes

the proof.

C.2.2 Covering number of Γ(s)

Recall that Γ(s) = {u ∈ Rp : 2‖uSc‖1 ≤ 4‖uS‖1 + 3
√
s‖u‖2, for some S ⊂ [p] with |S| =

s}. Let {u1, ...,uMnet} denote a 1/2-net of the Γ(s)∩Sp−1, that is, for any v ∈ Γ(s)∩Sp−1,

there is some index j ∈ [Mnet] such that ‖v − uj‖2 ≤ 1/2. In this section we provide the

following lemmas to bound Mnet, the packing number of Γ(s), which will be used in the

later proof.

Lemma C.2. There exists some constant Cnet > 0, such that

logMnet ≤ d log(
5ep

d
) ≤ Cnet · s log(

p

s
).

Proof. We need two additional lemmas, and Lemma C.4 is proved in Section C.2.6.
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Lemma C.3 (Milman and Schechtman (1986)). Given m ≥ 1 and ε > 0. There exists an

ε-net Π ⊂ Bm
2 of Bm

2 with respect to the Euclidean metric such that Bm
2 ⊂ (1−ε)−1conv(Π)

and |Π| ≤ (1 + 2/ε)m.

Lemma C.4. Let 1 > δ > 0. Let 0 < s < p and k0 > 0. Define d = 5185s, then

Γ(s) ∩ Sp−1 ⊂ 2 · conv(∪|J|≤dEJ ∩ Sp−1), (C.26)

where conv(·) denotes the convex hull and EJ = span(ej : j ∈ J).

These two lemmas imply that

Mnet ≤ (1 + 2/(
1

2
))d ·

(
p

d

)
≤ (

5ep

d
)d = exp(d log(

5ep

d
)),

which implies that

logMnet ≤ d log(
5ep

d
) ≤ Cnet · s log(

p

s
),

for some Cnet > 0, when s = o(p).

C.2.3 Concentration of the mixing proportion

Since ∆ =
√
β∗>Ω∗β∗ ≤

√
MMb is bounded. Let’s denote C∆ =

√
MMb in the following

proof.

Recall that

ω̂(θ) =
1

n

n∑
i=1

γθ(z(i)) =
1

n

n∑
i=1

ω

ω + (1− ω) exp{δ>Ω(z(i) − (µ1 + µ2)/2)}

=
1

n

n∑
i=1

ω

ω + (1− ω) exp{δ>Ω(z(i) − (µ1 + µ2)/2)}

:=
1

n

n∑
i=1

ω

ω + (1− ω) exp{Cθ(z(i))}
,

whose corresponding population estimate is ω(θ) = E[γθ(Z)] and

Cθ(z(i)) = δ>Ω
{
z(i) − 1

2
(µ1 + µ2)

}
.

We show next that with probability at least 1− o(1),

sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

|ω̂(θ)− ω(θ)| .
√
s log p

n
.
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Let

zω = sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

|ω̂(θ)− ω(θ)|.

Letting {εi}ni=1 denote an i.i.d. sequence of Rademacher variables, for any λ > 0, we have

E[eλzω ] ≤ E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi(
ω

ω + (1− ω) exp{Cθ(z(i))}
)
∣∣∣)] .

It is easy to check that ψ(x) = ω/(ω + (1 − ω)ex) − ω is Lipschitz with constant 1−ω
ω ≤

1−c0
c0

and ψ(0) = 0. Consequently, by the Ledoux-Talagrand contraction for Rademacher

processes in Lemma C.1 with g(·) = 1, we have

E[eλzω ] ≤ E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi(
ω

ω + (1− ω) exp{Cθ(z(i))}
)
∣∣∣)]

≤E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi(
ω

ω + (1− ω) exp{Cθ(z(i))}
− ω)

∣∣∣)]

·E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εiω
∣∣∣)]

≤E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi ·
1− c0

c0
· Cθ(z(i))

∣∣∣)] · exp(
λ2

n
)

=E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi ·
1− c0

c0
·
{
β>z(i) − 1

2
β>(µ1 + µ2)

}∣∣∣)] · exp(
λ2

n
)

≤E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣1− c0

c0
·
n∑
i=1

εiβ
>(z(i) − (1− ω∗)µ∗1 − ω∗µ∗2)

∣∣∣)]︸ ︷︷ ︸
(i)

· 2 sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

exp

(
λ2

n

∣∣∣1− c0

c0
β>(ω∗µ∗1 + (1− ω∗)µ∗2 −

µ1 + µ2

2
)
∣∣∣2)︸ ︷︷ ︸

(ii)

· exp(
λ2

n
),

where the last inequality uses the property of the sub-gaussian norm of bounded random

variables.

We bound term (ii) first, Recall that δ1(β) = β>(µ∗1 −
µ1+µ2

2 ), and δ2(β) = β>(µ∗2 −
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µ1+µ2

2 ), we have

sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

|ω∗δ1(β) + (1− ω∗)δ2(β)|

= sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

|β>(ω∗µ∗1 + (1− ω∗)µ∗2 −
µ1 + µ2

2
)| ≤ c1∆2

Consequently,

(ii) ≤ exp(
λ2

n
· (1− c0

c0
)2c2

1C
4
∆).

Next, we proceed to bound term (i).

Let z
(i)
N = z(i) − ((1− ω∗)µ∗1 + ω∗µ∗2), then

(i) =E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣1− c0

c0
·
n∑
i=1

εiβ
>(z(i) − (1− ω∗)µ∗1 − ω∗µ∗2)

∣∣∣)]

=E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣1− c0

c0
·
n∑
i=1

εiβ
>z

(i)
N

∣∣∣)]

=E

[
exp

(
λ

n
· 1− c0

c0
· sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

‖β‖1 sup
j∈[p]
|
n∑
i=1

εiz
(i)
Nj
|

)]

≤
p∑
j=1

E

[
exp

(
λ

n
· 1− c0

c0
· (Mb + Cb∆)|

n∑
i=1

εiz
(i)
Nj
|

)]

≤ exp

{
λ2(M + Cb∆)2

n
(
1− c0

c0
)2 · C∆2 + log p

}
≤ exp

{
λ2(M + Cb∆)2

n
(
1− c0

c0
)2 · C∆2 + log p

}
,

Then we obtain

E[eλzω ] ≤ exp

{
λ2(Mb + Cb∆)2

n
(
1− c0

c0
)2 · C∆2 + log p

}
· exp(

λ2

n
· (1− c0

c0
)2c2

1C
4
∆) · exp(

λ2

n
)

:= exp(
λ2

n
C(ω)
con + log(p))

Using the Chernoff approach, letting λ =

√
n log p/C

(ω)
con and t = 3

√
C

(w)
con ·

√
log p/n,
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the above bound on the moment generating function (MGF) implies that,

P( sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

|ω̂(θ)− ω(θ)| > t) = P(zω > t) ≤ e−λtE[eλzω ]

≤ exp(−λt) · exp
(λ2

n
C(ω)
con + log p

)
≤ e−3 log p+2 log p

=e− log p = o(1). (C.27)

Therefore, as long as n ≥ C1 log p for a sufficiently large constant C1, we have with

probability at least 1− o(1),

sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

|ω̂(θ)− ω(θ)| = zω .

√
log p

n
.

C.2.4 Concentration of the mean under ‖ · ‖2,s norm

Without loss of generality, we provide here the derivation for µ̂2(θ), as the derivation for

µ̂1(θ) is similar. Recall that

µ̂2(θ) =


n∑
j=1

γθ(z(j))


−1{

n∑
i=1

γθ(z(i))z(i)

}
,

whose corresponding population estimate is

µ2(θ) =
E[γθ(Z)Z]

E[γθ(Z)]
.

Firstly, we observe that

µ̂2(θ)− µ2(θ) =


n∑
j=1

γθ(z(j))


−1{

n∑
i=1

γθ(z(i))z(i)

}
− E[γθ(Z)Z]

E[γθ(Z)]

=


n∑
j=1

γθ(z(j))


−1{

n∑
i=1

γθ(z(i))(z(i) − µ1 + µ2

2
)

}
−

E[γθ(Z)(Z − µ1+µ2

2 )]

E[γθ(Z)]

Let

W (µ) = sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

‖ 1

n

n∑
i=1

γθ(z(i))(z(i)−µ1 + µ2

2
)−E[γθ(Z)(Z−µ1 + µ2

2
)]‖2,s, j = 1, 2, ..., p,
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and

W
(µ)
u = sup

θ∈Bcon(θ∗;c0,c1,Cb,s)
〈 1
n

n∑
i=1

γθ(z(i))(z(i)−µ1 + µ2

2
)−E[γθ(Z)(Z−µ1 + µ2

2
)],u〉, j = 1, 2, ..., p,

where u ∈ Γ(s) ∩ Sp−1, where Sp−1 = {u ∈ Rp : ‖u‖2 = 1}.
Let {u1, ...,uMnet} denote a 1/2-net of the Γ(s) ∩ Sp−1. This means that for any v ∈

Γ(s) ∩ Sp−1, there is some index j ∈ [Mnet] such that ‖v − uj‖2 ≤ 1/2. Similar to the

derivation before, we have

W
(µ)
v ≤W (µ)

uj + |W (µ)
uj −W

(µ)
v | ≤ max

j∈[Mnet]
W

(µ)
uj +W (µ) · ‖v−uj‖ ≤ max

j∈[Mnet]
W

(µ)
uj +

1

2
W (µ).

It’s followed by

W (µ) = sup
v∈Γ(s)∩Sp−1

W
(µ)
v ≤ max

j∈[Mnet]
W

(µ)
uj +

1

2
W (µ),

and then implies that

W (µ) ≤ 2 max
j∈[Mnet]

W
(µ)
uj .

Consequently it suffices to bound W
(µ)
u for a fixed u. Let {εi}ni=1 denote an i.i.d.

sequence of Rademacher variables, for any λ > 0, we have

E[eλW
(µ)
u ] ≤E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi
ω〈z(i) − µ1+µ2

2 ,u〉
ω + (1− ω) exp{Cθ(z(i))}

∣∣∣)]

≤E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi(
ω

ω + (1− ω) exp{Cθ(z(i))}
− ω)〈z(i) − µ1 + µ2

2
,u〉
∣∣∣)]

· E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi · ω · 〈z(i) − µ1 + µ2

2
,u〉
∣∣∣)]

≤E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi(
ω

ω + (1− ω) exp{Cθ(z(i))}
− ω)〈z(i) − µ1 + µ2

2
,u〉
∣∣∣)]

· exp

(
λ2

n
C̃0 + Cnet · log(p/s)

)
,

where Cθ(z(i)) = β>(z(i) − µ1+µ2

2 ) and the last inequality follows the same idea of the

concentration of the proportion.

Let’s recall z
(i)
N = z(i) − (1 − ω∗)µ∗1 − ω∗µ∗2 be the centered random variable z(i).

Since ψ(x) = ω/(ω + (1 − ω)ex) − ω is Lipschitz and ψ(0) = 0, by Lemma C.1 and let
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µ∗ := (1− ω∗)µ∗1 + ω∗µ∗2, we then have

E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi(
ω

ω + (1− ω) exp{Cθ(z(i))}
− ω)〈z(i) − µ1 + µ2

2
,u〉
∣∣∣)]

≤E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εiCθ(z(i))〈z(i) − µ1 + µ2

2
,u〉
∣∣∣)]

=E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi

{
β>z(i) − 1

2
β>(µ1 + µ2)

}
〈z(i) − µ1 + µ2

2
,u〉
∣∣∣)]

≤E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣1− c0

c0
·
n∑
i=1

εi

{
〈β, z(i)

N 〉〈z
(i)
N ,u〉

}∣∣∣)]

· E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣1− c0

c0
·
n∑
i=1

εi

{
〈β,µ∗ − µ1 + µ2

2
〉〈z(i)

N ,u〉
}∣∣∣)]︸ ︷︷ ︸

(i)

· E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣1− c0

c0
·
n∑
i=1

εi

{
〈β, z(i)

N 〉〈µ
∗ − µ1 + µ2

2
,u〉
}∣∣∣)]︸ ︷︷ ︸

(ii)

·E

[
exp

(
λ

n
sup

β∈Γ(s)+β∗

∣∣∣1− c0

c0

n∑
i=1

εi

{
〈µ∗ − µ1 + µ2

2
,β〉〈µ∗ − µ1 + µ2

2
,u〉
}∣∣∣)]︸ ︷︷ ︸

(iii)

≤E

[
exp

(
λ

n
· 1− c0

c0
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi〈β, z(i)
N 〉〈z

(i)
N ,u〉

∣∣∣)] · exp

{
λ2

n
C̃1 + s log p

}
,

(C.28)

for some constant C̃1 > 0. To see this, we need to bound (i), (ii), (iii).

We first have

| sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

〈β, (1− ω∗)µ∗1 + ω∗µ∗2 −
µ1 + µ2

2
〉| ≤ c1∆2.

and thus

(i) =E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣1− c0

c0
·
n∑
i=1

εi

{
〈β,−(1− ω∗)µ∗1 − ω∗µ∗2〉〈z

(i)
N ,u〉

}∣∣∣)]

=E

[
exp

(
λ

n

1− c0

c0
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)
〈β,−(1− ω∗)µ∗1 − ω∗µ∗2〉 ·

∣∣∣ n∑
i=1

εi〈z(i)
N ,u〉

∣∣∣)]

≤ exp

{
λ2

n
C̃11

}
,
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where C̃11 = (1−c0
c0

)2 · c2
1C

4
∆.

The bound for the second term (ii) follows the same covering idea

(ii) =E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣1− c0

c0
·
n∑
i=1

εi

{
〈β, z(i)

N 〉〈(1− ω
∗)µ∗1 + ω∗µ∗2 −

µ1 + µ2

2
,u〉
}∣∣∣)]

≤E

[
exp

(
λ

n
|〈(1− ω∗)µ∗1 + ω∗µ∗2 −

µ1 + µ2

2
,u〉1− c0

c0
· sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εiβ
>z

(i)
N

∣∣∣)]

≤E

[
exp

(
λ

n
|〈(1− ω∗)µ∗1 + ω∗µ∗2 −

µ1 + µ2

2
,u〉1− c0

c0
·
∣∣∣ n∑
i=1

εiβ
∗>z

(i)
N

∣∣∣)]

· E

[
exp

(
λ

n
|〈(1− ω∗)µ∗1 + ω∗µ∗2 −

µ1 + µ2

2
,u〉1− c0

c0
· sup
u∈Γ(s)

∣∣∣ n∑
i=1

εiu
>z

(i)
N

∣∣∣)]

Let {ũ1, ..., ũMnet} be the 1
2 -net of Γ(s)∩Sp−1, then similar to (??) and use Lemma C.2,

we get

(ii) ≤ exp

(
λ2

n
|〈(1− ω∗)µ∗1 + ω∗µ∗2 −

µ1 + µ2

2
,u〉1− c0

c0
·
∣∣∣ n∑
i=1

εiβ
∗>z

(i)
N

∣∣∣)

·E

[
exp

(
λ

n
|〈(1− ω∗)µ∗1 + ω∗µ∗2 −

µ1 + µ2

2
,u〉1− c0

c0
· 2CbC∆ sup

j∈[Mnet]

∣∣∣ n∑
i=1

εiũ
j>z

(i)
N

∣∣∣)]

≤ exp

{
λ2

n
(
1− c0

c0
)2C2

bMC4
∆

}
·
∑

j∈[Mnet]

E

[
exp

(
2λ

n
· 1− c0

c0
C2
bC

2
∆ sup
j∈[p]
|
n∑
i=1

εiũ
j>z

(i)
N |

)]

≤ exp

{
4λ2

n
(
1− c0

c0
)2 · (C2

bM + C4
b )C4

∆ + logMnet

}
:= exp

{
λ2

n
C̃12 + Cnet · s log(p/s)

}
,

where C̃12 = 4(1−c0
c0

)2 · (C2
bM + C4

b )C4
∆.

Term (iii) is bounded by

(iii) =E

[
exp

(
λ

n
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣1− c0

c0
·
n∑
i=1

εi

{
〈µ∗ − µ1 + µ2

2
,β〉〈µ∗ − µ1 + µ2

2
,u〉
}∣∣∣)]

≤ exp

{
λ2

n
(
1− c0

c0
)2c2

1MC2
bC

6
∆

}
= exp

{
λ2

n
C̃13

}
,

where C̃13 = (1−c0
c0

)2(Cb+
√
M)·MC2

bC
6
∆ and we use the fact that |〈µ∗− µ1+µ2

2 ,β〉| ≤ c1C
2
∆,

and ‖µ∗1 − µ1‖2,s, ‖µ∗2 − µ2‖2,s ≤ Cb∆ ≤
√
MC∆.
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Combining the bounds for these three terms (i), (ii) and (iii), we obtain (C.28) with

C̃1 = C̃11 + C̃12 + C̃13.

Then we proceed to bound

E

[
exp

(
λ

n
· 1− c0

c0
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi〈β, z(i)
N 〉〈z

(i)
N ,u〉

∣∣∣)]

≤

[
exp

(
λ

n
· 1− c0

c0
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)

∣∣∣ n∑
i=1

εi〈β − β∗, z(i)
N 〉〈z

(i)
N ,u〉

∣∣∣)]

·

[
exp

(
λ

n
· 1− c0

c0

∣∣∣ n∑
i=1

εi〈β∗, z(i)
N 〉〈z

(i)
N ,u〉

∣∣∣)]

When θ ∈ Bcon(θ∗; c0, c1, Cb, s), β − β∗ ∈ Γ(s), which implies β ∈ β∗ + Γ(s). Now let

us define

W̃u = sup
ũ∈Γ(s)∩Sp−1

〈ũ, 1

n

n∑
i=1

εiz
(i)
c z

(i)>
c u〉,

and

W̃ũ,u = 〈ũ, 1

n

n∑
i=1

εiz
(i)
c z

(i)>
c u〉.

In the meantime, let {ũ1, ..., ũMnet} be the 1
2 -net of Γ(s) ∩ Sp−1. Then we have

sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

1

n

n∑
i=1

εi〈β − β∗, z(i)
N 〉〈z

(i)
N ,u〉 ≤( sup

θ∈Bcon(θ∗;c0,c1,Cb,s)
‖β − β∗‖) · W̃u

≤CbC∆ · W̃u

≤2CbC∆ · max
j∈[Mnet]

W̃ũj ,u,

where the last inequality uses the same covering argument as before.

Then let’s proceed to bound 〈ũ, 1
n

∑n
i=1 z

(i)
c z

(i)>
c u〉 for fixed ũ,u. Following the Lemma

D.2 in Wang et al. (2015), we can similarly calculate the sub-exponential norm (‖ · ‖ψ1) of

|〈ũ, z(i)
N 〉〈z

(i)
N ,u〉|, which yields, for some constant Cψ > 0,

‖ 1

n
〈ũ, z(i)

N 〉〈z
(i)
N ,u〉‖ψ1 ≤

1

n
Cψ ·max{‖〈z(i)

N , ũ〉‖2ψ2
, ‖〈z(i)

N ,u〉‖2ψ2
}

≤ 1

n
Cψ ·max{〈µ∗1 − µ∗2, ũ〉, ũ>Σ∗ũ, ‖µ∗1 − µ∗2‖2,s, ‖Σ∗‖2}

≤
Cψ · [

√
MC∆ +M ]

n
.
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Similarly, we have

‖ 1

n
〈β∗, z(i)

N 〉〈z
(i)
N ,u〉‖ψ1 ≤

1

n
Cψ ·max{‖〈z(i)

N ,β∗〉‖2ψ2
, ‖〈z(i)

N ,u〉‖2ψ2
}

≤ 1

n
Cψ ·max{〈µ∗1 − µ∗2,β∗〉,β∗>Σ∗β∗, ‖µ∗1 − µ∗2‖2,s, ‖Σ∗‖2}

≤
Cψ · [C2

∆ +
√
MC∆ +M ]

n
.

Consequently, for sufficiently small λ

E

[
exp

(λ
n
· 1− c0

c0
sup

θ∈Bcon(θ∗;c0,c1,Cb,s)
|
n∑
i=1

εi〈β, z(i)
N 〉〈z

(i)
N ,u〉||

)]

≤E

[
exp

(λ
n
· 1− c0

c0
· 2CbC∆ · sup

j∈[Mnet]
|
n∑
i=1

εi〈ũj , z(i)
N 〉〈z

(i)
N ,u〉||

)]

·E

[
exp

(
λ

n
· 1− c0

c0

∣∣∣ n∑
i=1

εi〈β∗, z(i)
N 〉〈z

(i)
N ,u〉

∣∣∣)]

≤ exp
{λ2

n
· (1− c0

c0
)2 · (2CbC∆)2 · C2

ψ · [(
√
MC∆ +M)2 + (C2

∆ +
√
MC∆ +M)2] + logMnet

}
= exp

{λ2

n
· C̃2 + logMnet

}
, (C.29)

where C̃2 = (1−c0
c0

)2 · (2CbC∆)2 · C2
ψ · [(
√
MC∆ +M)2 + (C2

∆ +
√
MC∆ +M)2].

Putting the pieces together yields

E[exp(λW (µ))] ≤ E[exp(2λ max
j∈[Mnet]

W
(µ)
uj )] ≤

∑
j∈[Mnet]

E[exp(2λW
(µ)
uj )]

≤
∑

j∈[Mnet]

E

[
exp

(
2λ

n
· 1− c0

c0
sup

β∈β∗+Γ(s)

∣∣∣ n∑
i=1

εi〈β, z(i)
N 〉〈z

(i)
N ,uj〉

∣∣∣)] · exp

{
4λ2

n
(C̃0 + C̃1) + 2Cnet · s log(p/s)

}

≤
∑

j∈[Mnet]

E

[
exp

(
2λ

n
· 1− c0

c0
sup

β∈β∗+Γ(s)

∣∣∣ n∑
i=1

εi〈β, z(i)
N 〉〈z

(i)
N ,uj〉

∣∣∣)] · exp

{
4λ2

n
(̃C̃0 + C̃1) + 2Cnet · s log(p/s)

}

≤2Mnet exp
{4λ2

n
· C̃2 + logMnet

}
· exp

{
4λ2

n
(C̃0 + C̃1) + 2Cnet · s log(p/s)

}
≤ exp

{4λ2

n
· (C̃0 + C̃1 + C̃2) + 4Cnet · s log(p/s)

}
.

Using the Chernoff approach, we then have with probability 1− o(1),

W (µ) .

√
s log p

n
.
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Combining with the concentration of ω̂(θ), we thus have with probability at least 1−2p−1,

‖µ̂2(θ)− µ2(θ)‖2,s =
∥∥∥{ n∑

j=1

γθ(z(j))
}−1{ n∑

i=1

γθ(z(i))(z(i) − µ1 + µ2

2
)
}

− {E[γθ(Z)]}−1 E[γθ(Z)(Z − µ1 + µ2

2
)]
∥∥∥

2,s

≤
{ 1

n

n∑
j=1

γθ(z(j))
}−1
‖E[γθ(Z)(Z − µ1 + µ2

2
)]− 1

n

n∑
i=1

γθ(z(i))(z(i) − µ1 + µ2

2
)‖2,s+∣∣∣∣∣∣{E[γθ(Z)]}−1 −

{ 1

n

n∑
j=1

γθ(z(j))
}−1

∣∣∣∣∣∣ · ‖E[γθ(Z)(Z − µ1 + µ2

2
)]‖2,s

.

√
s log p

n
.

Similarly, with probability at least 1− o(1),

sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

‖µ̂1(θ)− µ1(θ)‖2,s .
√
s log p

n
.

C.2.5 Concentration of the covariance matrix

In this section we prove the concentration of the covariance matrix in terms of ‖{Σ̂(θ) −
Σ(θ)}β∗‖2,s.

Recall that µ∗ = (1− ω∗)µ∗1 + ω∗µ∗2, we then have

Σ̂(θ) =
1

n

n∑
i=1

{
(1− γθ(z(i)))(z(i) − µ̂1(θ))(z(i) − µ̂1(θ))> + γθ(z(i))(z(i) − µ̂2(θ))(z(i) − µ̂2(θ))>

}
=

1

n

n∑
i=1

z(i)[z(i)]> −
{

1− 1

n

n∑
i=1

γθ(z(i))
}
µ̂1(θ)µ̂1(θ)> − 1

n

n∑
i=1

γθ(z(i))µ̂2(θ)µ̂2(θ)>

=
1

n

n∑
i=1

(z(i) − µ∗)[z(i) − µ∗]> −
{

1− 1

n

n∑
i=1

γθ(z(i))
}

(µ̂1(θ)− µ∗)(µ̂1(θ)− µ∗)>

− 1

n

n∑
i=1

γθ(z(i))(µ̂2(θ)− µ∗)(µ̂2(θ)− µ∗)>

where the last equality uses the fact that 1
n

∑n
i=1 z

(i) = (1− ω̂(θ))µ̂1(θ) + ω̂(θ)µ̂2(θ).
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Similarly, the corresponding population estimate is

Σ(θ) =E
[
(1− γθ(Z))(Z − µ1(θ))(Z − µ1(θ)> + γθ(Z)(Z − µ2(θ)(Z − µ2(θ))>

]
=E[ZZ>]− E[1− γθ(Z)]µ1(θ)µ1(θ))> − E[γθ(Z)]µ2(θ)µ2(θ)>

=E[(Z − µ∗)(Z − µ∗)>]− E[1− γθ(Z)](µ1(θ)− µ∗)(µ1(θ)− µ∗)>

− E[γθ(Z)](µ2(θ)− µ∗)(µ2(θ)− µ∗)>

where the last equality uses the fact that E[Z] = (1− ω(θ))µ1(θ) + ω(θ)µ2(θ).

Therefore by triangle inequality

‖(Σ̂(θ)− Σ(θ))β∗‖2,s ≤ ‖
{ 1

n

n∑
i=1

(z(i) − µ∗)(z(i) − µ∗)> − E[(Z − µ∗)(Z − µ∗)>]
}
β∗‖2,s︸ ︷︷ ︸

(i)

+ ‖
[
{1− ω̂(θ)}(µ̂1(θ)− µ∗)(µ̂1(θ)− µ∗)> − (1− ω∗)(µ1(θ)− µ∗)(µ1(θ)− µ∗)>

]
β∗‖2,s︸ ︷︷ ︸

(ii)

+ ‖
[
ω̂(θ)(µ̂2(θ)− µ∗)(µ̂2(θ)− µ∗)> − ω∗(µ2(θ)− µ∗)(µ2(θ)− µ∗)>

]
β∗‖2,s︸ ︷︷ ︸

(iii)

, (C.30)

Term (i) can be bounded similarly to (C.29). We have with probability 1− o(1),

‖
{ 1

n

n∑
i=1

z(i)(z(i))> − E[ZZ>]
}
β∗‖2,s .

√
s log p

n

Further, for term (iii) in (C.30), by the concentration results for ω̂(θ) and µ̂k(θ), we

have with probability at least 1− o(1),

(iii) =‖
[
ω̂(θ)(µ̂2(θ)− µ∗)(µ̂2(θ)− µ∗)> − ω∗(µ2(θ)− µ∗)(µ2(θ)− µ∗)>

]
β∗‖2,s

≤‖(ω̂(θ)− ω(θ))(µ2(θ)− µ∗)(µ2(θ)− µ∗)>β∗‖2,s
+ ‖ω̂(θ)

[
(µ̂2(θ)− µ∗)(µ̂2(θ)− µ∗)> − (µ2(θ)− µ∗)(µ2(θ)− µ∗)>

]
β∗‖2,s

≤|ω̂(θ)− ω(θ)| · ‖(µ2(θ)− µ∗‖2,s · ‖µ2(θ)− µ∗)‖2,s · ‖β∗‖2
+ ‖ω̂(θ)

[
(µ̂2(θ)− µ∗)(µ̂2(θ)− µ2(θ))>

]
β∗‖2,s

+ ‖ω̂(θ)
[
(µ̂2(θ)− µ2(θ))(µ2(θ)− µ∗)>

]
β∗‖2,s

.

√
s log p

n
.

Similarly, with probability at least 1− o(1),

(ii) .

√
s log p

n
.
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Therefore, with probability at least 1− o(1),

sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

‖(Σ̂(θ)− Σ(θ))β∗‖2,s .
√
s log p

n
.

Similarly, we have with probability at least 1− o(1),

sup
θ∈Bcon(θ∗;c0,c1,Cb,s)

‖(Σ̂(θ)− Σ(θ))β∗‖∞ .

√
log p

n
.

C.2.6 Proof of Lemma C.4

Proof. Lemma C.4 is an analog of Lemma 13 in Rudelson and Zhou (2012) with a few

modifications. For completeness, we present the proof here.

We first state two lemmas.

Lemma C.5 (Lemma 11 in Rudelson and Zhou (2012)). Let u1, ...,uM ∈ Rq. Let y ∈
conv(u1, ...,uM ). There exists a set L ⊂ [M ], such that

|L| ≤ m =
4 maxj∈[M ]‖uj‖22

eε2

and a vector y′ ∈ conv(uj : j ∈ L}, such that

‖y′ − y‖2 ≤ ε.

Lemma C.6 (Lemma 21 in Rudelson and Zhou (2012)). Let u,θ,x ∈ Rq be vectors such

that i). ‖θ‖2 = 1, ii).〈x,θ〉 6= 0, (iii) u is not parallel to x. Define φ : R→ R by:

φ(λ) =
〈x+ λu,θ〉
‖x+ λu‖2

.

Assume φ(λ) has a local maximum at 0, then

〈x+ u,θ〉
〈x,θ〉

≥ 1− ‖u‖2
‖x‖2

.

Then let’s proceed to prove Lemma C.4. Without loss of generality, assume that d < p,

otherwise the lemma is trivially true. For each vector u ∈ Rp, let T0 denote the locations

of the s largest coefficients of u in absolute values. Decompose a vector u ∈ Γ(s)∩ Sp−1 as

u = uT0 + uT c
0
∈ uT0 + (2‖uS‖1 + 3/2 ·

√
s‖u‖2) · absconv(ej : j ∈ T c0 ),
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where absconv(·) denotes the absolutely convex set. Since

‖uT c
0
‖22 ≤‖uT c

0
‖1‖uT c

0
‖∞ ≤ (2‖uT0‖1 + 3/2 ·

√
s‖u‖2) · ‖uT0‖1

s

≤(2‖uT0‖2 + 3/2 · ‖u‖2) · ‖uT0‖2,

then we have

1 = ‖u‖22 = ‖uT0‖22 + ‖uT c
0
‖22 ≤ 3‖uT0‖22 + 3/2 · ‖u‖2 · ‖uT0‖2,

which implies ‖uT0‖2 ≥ 1
3 .

Let’s define

V = {uT0 + (2‖uS‖1 + 3/2 ·
√
s‖u‖2) · absconv(ej : j ∈ T c0 ) : u ∈ Γ(s) ∩ Sp−1}.

We then have Γ(s) ∩ Sp−1 ⊂ V ⊂ Γ(s) and V is compact. Therefore, V contains a base of

Γ(s), that is, for any y ∈ Γ(s)\{0}, there exists λ > 0 such that λy ∈ V .

For any nonzero v ∈ Rp, let’s define

F (v) =
v

‖v‖
.

The function F is continuous on Γ(s)\{0}, and in particular, on V . Hence,

Γ(s) ∩ Sp−1 = F (Γ(s)\{0}) = F (V ).

By duality, inclusion (C.26) can be derived from the fact that the supremum of any

linear functional over the left side of (C.26) does not exceed the supremum over the right

side of it. By the equality above, it is enough to show that for any θ ∈ Sp−1, there exists

z′ ∈ Rp\{0} such that supp(z′) ≤ d and F (z′) is well defined, which satisfies

max
v∈V
〈F (v),θ〉 ≤ 2〈F (z′),θ〉. (C.31)

For a given θ, we construct a d-sparse vector z′ which satisfies (C.31). Let

z = arg max
v∈V
〈F (v),θ〉.

By definition of V , there exists I ⊂ [p] such that |I| = s, and for some ηj ∈ {−1, 1},

z = zI + (2‖zS‖1 + 3/2 ·
√
s‖z‖2) ·

∑
j∈Ic

αjηjej ,
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where αj ∈ [0, 1],
∑

j∈Ic αj ≤ 1, and

1 ≥ ‖zI‖2 ≥
1

3
. (C.32)

Note if αi = 1 for some i ∈ Ic, then z is a sparse vector itself, and we can set z′ = z in

order for (C.31) to hold. We proceed by assuming αi ∈ [0, 1) for all i ∈ Ic in (C.31) from

now on, in which case, we construct a required sparse vector z′ via Lemma C.5. To satisfy

the assumptions of this lemma, denote ep+1 = 0, ηp+1 = 1 and set

αp+1 = 1−
∑
j∈Ic

αj , hence αp+1 ∈ [0, 1].

Let y = zIc , M = {j ∈ Ic ∪ {p + 1} : αj > 0}, and ε > 0 specified later. Applying

Lemma C.5 with vector uj = (2‖zS‖1 + 3/2 ·
√
s‖z‖2) · ηjej for j ∈ M, construct a set

J ′ ⊂M satisfying

|J ′| ≤ m :=
4 maxj∈Ic(2‖zS‖1 + 3/2 ·

√
s‖z‖2)2‖ej‖22

ε2
≤ 64s

ε2
, (C.33)

and a vector

y′ = (2‖zS‖1 + 3/2 ·
√
s‖z‖2)

∑
j∈J ′

βjηjej ,

where for J ′ ⊂M, βj ∈ [0, 1] and
∑

j∈J ′ βj = 1, such that ‖y′ − y‖2 ≤ ε.
Set z′ = zIc +y′. By construction, z′ ∈ EJ , where J = (I∪J ′)∩[p] and |J | ≤ |I|+|J ′| ≤

s+m. Furthermore, we have

‖z − z′‖ = ‖y − y′‖ ≤ ε.

For {βj : j ∈ J ′} as above, we extend it to {βj : j ∈ Ic ∪ {p + 1}} setting βj = 0 if

j ∈ Ic ∪ {p+ 1}\J ′ and write

z′ = zI + (2‖zS‖1 + 3/2 ·
√
s‖z‖2)

∑
j∈Ic∪{p+1}

βjηjej ,

where βj ∈ [0, 1] and
∑

j∈Ic∪{p+1} βj = 1.

If z′ = z, the result holds. Otherwise, for some λ to be specified, consider the vector

z + λ(z′ − z) = zI + (2‖zS‖1 + 3/2 ·
√
s‖z‖2)

∑
j∈Ic∪{p+1}

[(1− λ)αj + λβj ]ηjej ,

We have
∑

j∈Ic∪{p+1}[(1 − λ)αj + λβj ] = 1 and (1 − λ)αj + λβj ∈ [0, 1]. Therefore∑
j∈Ic [(1− λ)αj + λβj ] ≤ 1 and z + λ(z′ − z) ∈ V .
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Now let’s consider a function φ,

φ(λ) = 〈F (z + λ(z′ − z)),θ〉 =
〈z + λ(z′ − z),θ〉
‖z + λ(z′ − z)‖

.

Since z maximizes 〈F (v),θ〉 for all v ∈ V, φ(λ) attains the local minimum at λ = 0.

Then by Lemma C.6, we have

〈z′,θ〉
〈z,θ〉

=
〈z + (z′ − z),θ〉

〈z,θ〉
≥ 1− ‖z

′ − z‖2
‖z‖2

=
‖z‖2 − ‖z′ − z‖2

‖z‖2
.

Consequently,

〈F (z),θ〉
〈F (z′),θ〉

=
〈z′/‖z′‖,θ〉
〈z/‖z‖,θ〉

=
‖z‖2
‖z′‖2

× 〈z
′,θ〉
〈z,θ〉

≥ ‖z‖2
‖z‖2 + ‖z′ − z‖2

× ‖z‖2 − ‖z
′ − z‖2

‖z‖2

=
‖z‖2 − ‖z′ − z‖2
‖z‖2 + ‖z′ − z‖2

≥‖z‖2 − ε
‖z‖2 + ε

= 1− 2ε

‖z‖2 + ε
.

By the dentition of z and (C.32), we have ‖z‖ ≥ ‖zI‖ ≥ 1
3 .

Now we set ε = 1
9 , then we have

〈F (z),θ〉
〈F (z′),θ〉

≥ 1

2
,

and thus (C.31) holds. Finally, by (C.33), we have

m ≤ 5184s.

Therefore (C.26) holds for d = s+m = 5185s.
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C.3 Proof of Lemma 8.5

Let e = γ̂ − γ∗, then

(γ∗)>γ̂ − ‖γ∗‖2 · ‖γ̂‖2 =(γ∗)>(γ∗ + e)− ‖γ∗‖2 · ‖γ∗ + e‖2

=‖γ∗‖22 + (γ∗)>e− ‖γ∗‖2
√
‖γ∗‖22 + 2(γ∗)>e+ ‖e‖22

=‖γ∗‖22 + (γ∗)>e− ‖γ∗‖22

√
1 +

2(γ∗)>e+ ‖e‖22
‖γ∗‖22

∼‖γ∗‖22 + (γ∗)>e− ‖γ∗‖22
(

1 +
1

2

2(γ∗)>e+ ‖e‖22
‖γ∗‖22

)
=
‖e‖22

2
. ‖β∗ − β̂‖22.

C.4 Proof of Lemma 3.6

We reiterate Lemma 3.6 as follows.

Lemma C.7. Let θ̂(0) be the estimator constructed by the Hardt-Price algorithm. Under

the conditions of Theorem 3.1, if s( log p
n )1/12 = o(1), then for sufficiently large n, with

probability 1− o(1), θ̂(0) satisfies (IC) and thus (C1) holds.

Proof. Since s( log p
n )1/12 = o(1), by Proposition 3.1, we have

max
(
‖µ̂(0)

1 − µ
∗
π(1)‖

2
∞, ‖µ̂

(0)
2 − µ

∗
π(2)‖

2
∞, |Σ̂(0) − Σ∗|∞

)
= oP (

1

s2
).

Therefore

‖µ̂(0)
k − µ

∗
π(k)‖∞ = oP (

1

s
) (k = 1, 2), |Σ̂(0) − Σ∗|∞ ≤ oP (

1

s
),

which implies

‖µ̂(0)
k − µ

∗
π(k)‖2,s ≤ oP (

1√
s

) (k = 1, 2), ‖(Σ̂(0) − Σ∗)β∗‖2,s ≤ oP (
1√
s

),

and therefore d2,s(θ̂
(0),θ∗) = o( 1√

s
) ≤ r∆, that is, there exists r satisfying r < |c0−cω |

∆ ∧
√

(K+2)2M+16c1−
√

(K+2)2M

4 ∧
√

c1
K2M

∧ Cb

5K
√
s

with K = 8MC1, such that

d2,s(θ̂
(0),θ∗) ≤ r∆.
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In addition, since

β̂(0) = arg min
β∈Rp

{
1

2
β>Σ̂(0)β − β>(µ̂

(0)
1 − µ̂

(0)
2 ) + λ(0)

n ‖β‖1
}
,

with λ
(0)
n = Cd + Cλ

√
log p/n. When Cd, Cλ are chosen such that λ

(0)
n � 3Ccon

√
log p
n +

2κ0 · d2,s(θ̂(0),θ∗)∨‖β̂(0)−β∗‖√
s

, by Lemma A.1, we have

β̂(0) − β∗ ∈ Γ(s),

and

‖β̂(0) − β∗‖2 = oP (
1√
s

).

C.5 Proof of auxiliary Lemmas used in the proof of Theorem 3.3

In this section we consider the model 1
2N(µ1,Σ)+ 1

2N(µ2,Σ), and for simplicity, we denote

θ by θ = (1/2,µ1,µ2,Σ) in the sequel, and provide a lower bound for the excess mis-

clustering error. For ease of presentation, let’s assume π is an identity map for both Lθ(·)
and R(·) in the this section.

C.5.1 Proof of Lemma 3.4

Let ηθ(Z) = φ1(Z)
φ1(Z)+φ2(Z) , where φk’s are the density function of Np(µk,Σk), k = 1, 2. It is

easy to check that

Pθ(|ηθ(Z)− 1

2
| ≤ t) ≤ t

m
,

for some m 6= 0 to be determined later, where Pθ denotes the probability with respect to

the distribution of Z with parameter θ. To see this,

Pθ(|ηθ(Z)− 1

2
| ≤ t) = Pθ

(
| e−(Z−µ1)>Σ−1(Z−µ1)/2

e−(Z−µ1)>Σ−1(Z−µ1)/2 + e−(Z−µ2)>Σ−1(Z−µ2)/2
− 1

2
| ≤ t

)
= Pθ

(
|e
−(Z−µ1)>Σ−1(Z−µ1)/2 − e−(Z−µ2)>Σ−1(Z−µ2)/2

e−(Z−µ1)>Σ−1(Z−µ1)/2 + e−(Z−µ2)>Σ−1(Z−µ2)/2
| ≤ 2t

)
= Pθ

(
|1− e

−(Z−(µ1+µ2)/2)>β

1 + e−(Z−(µ1+µ2)/2)>β
| ≤ 2t

)
= Pθ

(1− 2t

1 + 2t
≤ e−(Z−(µ1+µ2)/2)>β ≤ 1 + 2t

1− 2t

)
∼ Pθ(−t ≤ (Z − (µ1 + µ2)/2)>β ≤ t).

Since (µ1 − µ2)TΣ−1(µ1 − µ2) ≥ cL, the density function of (Z − (µ1 + µ2)/2)>β is

42



bounded. Then there exists some m > 0, such that Pθ(−t ≤ (Z−(µ1+µ2)/2)>β ≤ t) ≤ t
m .

Let SG = {Z : G(Z) = 1}, SGθ = {Z : Gθ(Z) = 1} = {Z : ηθ(Z) ≥ 1
2} and A = {Z :

|ηθ(Z)− 1
2 | > t}. We claim that

Pθ(G 6= Y )− Pθ(Gθ 6= Y ) =

∫
SG∆SGθ

|2ηθ(z)− 1| Pθ(dz).

To see this,

Pθ(G(Z) 6= Y ) =
1

2

∫
Sc
G

φ1 dz +
1

2

∫
SG

φ2 dz,

Pθ(Gθ(Z) 6= Y ) =
1

2

∫
Sc
Gθ

φ1 dz +
1

2

∫
SGθ

φ2 dz.

Since SGθ = {z : φ2(z) ≥ φ1(z)}, we then have

Pθ(G(Z) 6= Y )− Pθ(Gθ(Z) 6= Y ) =

∫
SG∆SGθ

|1
2
φ1 −

1

2
φ2| dz

=

∫
SG∆SGθ

|2η(z)− 1|Pθ(dz),

which implies that

Pθ(Y 6= Ĝ(Z))− Pθ(Y 6= Gθ(Z)) ≥ 2tPθ(SĜ∆SGθ ∩ A)

≥ 2t
{
Pθ(SĜ∆SGθ)− Pθ(Ac)

}
≥ 2t

{
Pθ(SĜ∆SGθ)− t

m

}
.

Maximizing the last expression with respect to t, and using the fact that

Pθ(SĜ∆SGθ) = Pθ(Ĝ(Z) 6= Gθ(Z)),

we get if Pθ(Y 6= Ĝ(Z))− Pθ(Y 6= Gθ(Z)) ≤ 1/m,

1

2m
Pθ(Gθ(Z) 6= Ĝ(Z))2 ≤ Pθ(Y 6= Ĝ(Z))− Pθ(Y 6= Gθ(Z)).

C.5.2 Proof of Lemma 8.4

Lemma 3.5, Lemma 8.4 and Lemma 8.5 largely depend on the results in Azizyan et al.

(2013), where Lemma 3.5 is a direct result and Lemma 8.4 is an advanced version. For

completeness, we provide the full proof of Lemma 8.4 below.

Let cosψ = |µ>µ̃|
‖µ‖2‖µ̃‖2 . After affine transformation, two lines on Rp can always lie in the

same plane, say, the x–y plane. That is, by some affine transformations, we can transform

µ and µ̃ to two lines such that the last p − 2 coordinates of µ and µ̃ are 0. Since KL
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divergence is invariant to affine transformations, we have

KL(Pθ,Pθ̃) =

∫∫
pθ(x, y) log

pθ(x, y)

pθ̃(x, y)
dx dy,

where

pθ(x, y) = (1− ω)φ(x+ ξx)φ(y + ξy) + ωφ(x− ξx)φ(y − ξy),

pθ̃(x, y) = (1− ω)φ(x+ ξx)φ(y − ξy) + ωφ(x− ξx)φ(y + ξy),

with ξx = ξ cos ψ2 , ξy = ξ sin ψ
2 , ξ = ‖µ‖2

σ and φ being the density function of N(0, 1). Then

pθ(x, y)

pθ̃(x, y)
=

(1− ω)φ(x+ ξx)φ(y + ξy) + ωφ(x− ξx)φ(y − ξy)
(1− ω)φ(x+ ξx)φ(y − ξy) + ωφ(x− ξx)φ(y + ξy)

=
(1− ω) exp(−xξx − yξy) + ω exp(xξx + yξy)

(1− ω) exp(−xξx + yξy) + ω exp(xξx − yξy)
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Further,

KL(Pθ,Pθ̃) =

∫∫
(1− ω)φ(x+ ξx)φ(y + ξy) log

(1− ω)e−xξx−yξy + ωexξx+yξy

(1− ω)e−xξx+yξy + ωexξx−yξy
dx dy

+

∫∫
ωφ(x− ξx)φ(y − ξy) log

(1− ω)e−xξx−yξy + ωexξx+yξy

(1− ω)e−xξx+yξy + ωexξx−yξy
dx dy

=

∫∫
(1− ω)φ(−x+ ξx)φ(−y + ξy) log

(1− ω)exξx+yξy + ωe−xξx−yξy

(1− ω)exξx−yξy + ωe−xξx+yξy
dx dy

+

∫∫
ωφ(x− ξx)φ(y − ξy) log

(1− ω)e−xξx−yξy + ωexξx+yξy

(1− ω)e−xξx+yξy + ωexξx−yξy
dx dy

=

∫∫
(1− ω)φ(x− ξx)φ(y − ξy) log

(1− ω)exξx+yξy + ωe−xξx−yξy

(1− ω)exξx−yξy + ωe−xξx+yξy
dx dy

+

∫∫
ωφ(x− ξx)φ(y − ξy) log

(1− ω)e−xξx−yξy + ωexξx+yξy

(1− ω)e−xξx+yξy + ωexξx−yξy
dx dy

=

∫∫
(1− ω)φ(x)φ(y) log

(1− ω)exξx+ξ2x+yξy+ξ2y + ωe−xξx−yξy−ξ
2
x−ξ2y

(1− ω)exξx−yξy+ξ2x−ξ2y + ωe−xξx+yξy−ξ2x+ξ2y
dx dy

+

∫∫
ωφ(x)φ(y) log

(1− ω)e−xξx−yξy−ξ
2
x−ξ2y + ωexξx+yξy+ξ2x+ξ2y

(1− ω)e−xξx+yξy−ξ2x+ξ2y + ωexξx−yξy+ξ2x−ξ2y
dx dy

=

∫∫
(1− ω)φ(x)φ(y) log

(1− ω)exξx+ξ2x+yξy+ξ2y + ωe−xξx−yξy−ξ
2
x−ξ2y

(1− ω)exξx+yξy+ξ2x−ξ2y + ωe−xξx−yξy−ξ
2
x+ξ2y

dx dy

+

∫∫
ωφ(x)φ(y) log

(1− ω)e−xξx−yξy−ξ
2
x−ξ2y + ωexξx+yξy+ξ2x+ξ2y

(1− ω)e−xξx−yξy−ξ
2
x+ξ2y + ωexξx+yξy+ξ2x−ξ2y

dx dy

=

∫
(1− ω)φ(z) log

(1− ω)ez
√
ξ2x+ξ2y+ξ2x+ξ2y + ωe−z

√
ξ2x+ξ2y−ξ2x−ξ2y

(1− ω)ez
√
ξ2x+ξ2y+ξ2x−ξ2y + ωe−z

√
ξ2x+ξ2y−ξ2x+ξ2y

dz

+

∫
ωφ(z) log

(1− ω)e−z
√
ξ2x+ξ2y−ξ2x−ξ2y + ωez

√
ξ2x+ξ2y+ξ2x+ξ2y

(1− ω)e−z
√
ξ2x+ξ2y−ξ2x+ξ2y + ωez

√
ξ2x+ξ2y+ξ2x−ξ2y

dz.

Let h1(x) = (1 − ω) exp(−x) + ω exp(x). Then h′1(x) = −(1 − ω) exp(−x) + ω exp(x)

and h′′1(x) = (1− ω) exp(−x) + ω exp(x). Let g1(x) = log h1(x). Then

g′′1 =
h′′1h1 − (h′1)2

h2
1

=
h2

1 − (h′1)2

h2
1

∈ (0, 1).

Similarly, let h2(x) = (1 − ω) exp(x) + ω exp(−x) and g2(x) = log h2(x). We also have
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g′′2 ∈ (0, 1). By the mean-value theorem,

KL(Pθ,Pθ̃) ≤2ξ2
y

∫
φ(z)

(
(1− ω)g′1(ξz + ξ2) + ωg′2(ξz + ξ2)

)
dz

=2ξ2
y

∫
φ(z)

(
(1− ω)g′1(ξz + ξ2)

)
dz + 2ξ2

y

∫
φ(z)

(
ωg′2(ξz + ξ2)

)
dz

=2ξ2
y

∫
(1− ω)φ(z)

(
g′1(ξz + ξ2)− g′1(ξz − log τ

2
)
)
dz+

2ξ2
y

∫
ωφ(z)

(
g′2(ξz + ξ2)− g′2(ξz − log τ

2
)
)
dz

≤2ξ2
y(ξ2 +

log τ

2
)

=2ξ2(ξ2 +
log τ

2
) sin2 ψ

2

=ξ2(ξ2 +
log τ

2
)(1− cosψ)

=(‖µ‖22 +
log τ

2
)(‖µ‖22 − |µ>µ̃|).

D Additional Simulations

To evaluate how CHIME performs in the case of unequal mixing proportion between the two

components, we used the same set of inverse covariance matrices generated in the simulation

examples of the main paper, but change the mixing proportion such that ω∗ = 0.3. The

sparsity level of the discriminant vector s remains to be the same, i.e. s = 10. The estimated

mis-clustering errors based on 200 test samples from 100 replications are presented in Table

A1. In general, the errors from Oracle and the supervised LPD rule decrease when the

mixing proportion varies from 0.5 to 0.3, due to better calibration of the sample means and

weighted sample covariance matrix. However, the unequal mixing proportion has made

it more challenging for clustering, as seen from the increased mis-clustering errors for a

majority of the settings where an unsupervised clustering method is used. For CHIME,

although the settings where p = 100, 200 in Model 1 and p = 500, 800 in Model 3 show

deteriorated performances due to poor initializations, the corresponding errors are still

smaller than those obtained with other clustering methods. More importantly, when good

initializations are available, including the settings where p = 500, 800 in Model 1, p =

200, 500, 800 in Model 2, and p = 200 in Model 3, CHIME achieves comparable performances

to the supervised LPD rule.

In the last set of simulation examples, we consider modifying the discriminant vector

such that the first s = 20 entries in β∗ are nonzero and keep the mixing proportion ω∗ = 0.5.

Again we used the three models described in Section 5 to generate the inverse covariance

matrices. To ensure sufficiently strong signal, β∗ = (1, . . . , 1, 0, . . . , 0)> in Model 1 and

2, and β∗ = 3 · (1, . . . , 1, 0, . . . , 0)> in Model 3. Given Ω∗ and β∗, the mean vectors are
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µ∗1 = (0, . . . , 0)>, and µ∗2 = µ∗1− (Ω∗)−1β∗. The average mis-clustering errors based on 200

test samples from 100 replications are shown in Table A2.

Overall, we observe a similar pattern as in previous comparisons, where CHIME con-

sistently outperforms other clustering methods and is competitive at several scenarios even

when compared with the supervised LPD rule (such as for all p in Model 1, p = 500 in

Model 2 and p = 100, 200 in Model 3). As the inverse covariance matrix in Model 1 is gen-

erated from a random graph, several clustering methods (PCCM, SHP and SKM) return

poor performances when p varies. While SHP and SKM both behave poorly in Model 2,

they outperform KM and PCCM in Model 2, due to stronger signals in the discriminant

vector β∗. Remember due to the special structure of the precision matrix in Model 3, the

mean vector µ∗2 is exactly sparse with s+ 1 nonzero entries. It is thus not surprising to see

that SKM performs well in separating the two components.

Further, clustering methods such as CHIME and PCCM both require iterative algo-

rithms. The running times of different clustering methods are not directly comparable

as they were run on different platforms. Nonetheless we can compare their per-iteration

computational complexity. At each iteration, the main difference between CHIME and

PCCM is that CHIME uses a linear program to solve for β∗ ∈ Rp, whereas PCCM uses

penalized maximum likelihood to solve for the inverse covariance matrix Ω∗ ∈ Rp×p. While

the per-iteration complexity for CHIME is O(p2) including cost for computing the empir-

ical covariance matrix, that of PCCM is O(p3). This also explains why PCCM runs very

slowly in practice. In addition, CHIME, PCCM and SHP all require selecting the tuning

parameters. Although the CHIME algorithm asks for two constants C1 and C2, the main

focus should be on C2 as the performance of CHIME is not sensitive to the choice of C1. In

contrast, PCCM requires choosing two parameters, one for controlling the sparsity of the

means and the other for controlling the sparsity of the inverse covariance matrices. Our

experience shows that tuning with PCCM generally needs to down over a two-dimensional

grid, which can be computationally challenging for large p. The main solver in SHP is

the LPD rule for solving the discriminant vector β∗. Therefore one can choose the tuning

parameter in SHP following the practice used in LPD.

Last but not least, we compare CHIME and IF-PCA in a simple model where the

covariance matrix is diagonal. Specifically, the mean vector µ∗1 is set to µ∗1 = 0, and

β∗ = (1, . . . , 1, 0, . . . , 0)> where the first s = 10 entries are 1. Σ is generated as a diagonal

matrix with diagonal elements equal to absolute values of i.i.d. normal random variables

with mean 2 and variance 1. The sample size is n = 200 and the probability of being in either

of the two classes is set to be equal, i.e. ω∗ = 0.5. The simulation results are summarized

in Table A3. CHIME still significantly outperforms IF-PCA in this case, although CHIME

does not use the fact that the covariance matrix is diagonal, while IF-PCA does. The main

reason is that IF-PCA is specifically designed for “weak and rare” signal where the strength
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of signal is assumed to be vanishing.

Table A3: Simulation results for CHIME and IF-PCA when the covariance matrix is diag-

onal

p 100 200 500 800

IF-PCA 64.70(21.90) 75.80(19.22) 96.00(2.62) 92.40(7.73)

CHIME 11.31(3.61) 11.00(9.75) 10.66(3.98) 9.73(3.17)

LPD 5.44(2.46) 5.95(2.52) 7.02(2.61) 7.62(2.70)

Oracle 3.96(2.25) 4.03(2.11) 3.78(1.92) 4.2(1.82)
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Table A1: Average mis-clustering error (s.e.) based on n = 200 test samples from 100
replications under three different models: ω∗ = 0.3 and s = 10

p 100 200 500 800

KM 50.04(7.77) 66.83(9.87) 30.87(8.73) 21.84(6.21)

PCCM 50.28(6.22) 63.24(8.38) 30.25(7.68) 22.99(4.89)

SHP 59.22(13.62) 66.29(10.36) 61.43(12.34) 53.99(16.34)

Model 1 SKM 51.54(8.18) 71.49(10.07) 26.60(9.24) 20.77(5.90)

IF-PCA 92.24(6.10) 92.24(5.60) 92.59(6.02) 92.86(5.65)

CHIME 14.73(9.81) 27.21(13.21) 4.52(2.80) 3.91(1.72)

LPD 6.07(2.63) 5.36(1.92) 3.13(1.72) 2.56(1.51)

Oracle 5.42(2.48) 4.47(1.74) 2.38(1.43) 1.61(1.29)

KM 43.26(7.37) 21.62(6.15) 18.56(6.05) 0.56(0.81)

PCCM 46.13(6.50) 23.57(5.82) 19.43(4.64) 0.57(0.74)

SHP 53.83(16.40) 30.75(19.47) 23.73(16.88) 13.02(7.97)

Model 2 SKM 45.38(8.13) 25.74(6.66) 18.51(5.90) 0.65(0.86)

IF-PCA 74.69(18.60) 84.65(14.88) 90.20(7.73) 91.32(7.66)

CHIME 7.89(4.32) 2.42(1.43) 1.15(1.09) 0.02(0.11)

LPD 4.16(2.00) 1.75(1.34) 0.98(1.02) 0.01(0.10)

Oracle 3.86(2.00) 1.31(1.23) 0.79(0.86) 0.01(0.10)

KM 38.94(24.04) 61.36(23.11) 79.87(11.72) 81.19(12.32)

PCCM 46.15(25.93) 68.99(13.43) 76.46(5.13) 76.06(5.55)

SHP 29.62(16.79) 40.00(22.44) 47.44(20.70) 50.03(76.06)

Model 3 SKM 14.15(4.31) 13.94(3.92) 18.83(19.75) 28.10(30.48)

IF-PCA 86.91(12.14) 88.96(9.89) 91.21(7.10) 92.12(6.48)

CHIME 7.52(3.67) 10.02(3.42) 18.21(14.21) 22.71(23.29)

LPD 4.78(2.14) 7.03(2.53) 8.18(2.85) 8.94(2.93)

Oracle 1.45(1.26) 1.31(1.03) 1.47(1.24) 1.46(1.12)
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Table A2: Average mis-clustering error (s.e.) based on n = 200 test samples from 100
replications under three different models: ω∗ = 0.5 and s = 20

p 100 200 500 800

KM 7.86(5.14) 21.17(11.59) 12.99(13.70) 6.15(2.60)

PCCM 4.51(1.64) 13.09(5.91) 7.38(3.27) 5.54(2.41)

SHP 17.19(15.56) 47.90(19.96) 54.64(20.35) 13.18(4.67)

Model 1 SKM 5.88(2.67) 23.53(14.19) 7.38(3.38) 7.07(2.78)

IF-PCA 90.15(7.41) 93.50(4.93) 94.83(4.73) 94.14(4.03)

CHIME 0.57(0.82) 0.81(0.84) 0.59(0.94) 0.84(0.98)

LPD 0.51(0.70) 0.54(0.76) 0.47(0.67) 0.56(0.66)

Oracle 0.39(0.58) 0.33(0.57) 0.24(0.45) 0.13(0.34)

KM 40.50(5.37) 40.06(5.90) 38.74(6.18) 47.67(6.54)

PCCM 40.93(5.25) 39.72(5.85) 38.47(6.11) 47.28(5.98)

SHP 47.08(15.35) 48.82(19.04) 40.07(17.05) 55.88(16.94)

Model 2 SKM 39.73(5.22) 38.71(5.82) 37.24(6.26) 47.65(6.81)

IF-PCA 48.04(27.38) 58.87(28.50) 76.92(21.35) 85.35(14.48)

CHIME 11.92(8.04) 13.26(10.23) 0.72(0.93) 2.31(8.30)

LPD 2.96(1.83) 1.96(1.51) 0.24(0.47) 0.27(0.62)

Oracle 1.61(1.47) 0.85(0.95) 0.14(0.38) 0.14(0.40)

KM 7.38(2.71) 24.60(31.09) 79.87(20.54) 88.36(11.44)

PCCM 26.65(34.34) 62.28(33.94) 84.00(5.20) 85.39(3.50)

SHP 6.31(4.31) 5.97(3.39) 6.80(3.88) 7.41(5.31)

Model 3 SKM 6.62(2.58) 6.38(2.29) 6.25(2.28) 6.23(2.44)

IF-PCA 74.47(18.96) 83.47(15.72) 88.72(10.89) 89.81(9.51)

CHIME 2.52(1.90) 4.32(2.45) 6.12(3.12) 7.02(3.19)

LPD 1.13(1.02) 3.25(1.72) 3.93(2.01) 3.98(2.02)

Oracle 0.07(0.26) 0.10(0.30) 0.10(0.30) 0.11(0.37)
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