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Abstract

This note summarizes the supplementary materials to the paper “CHIME: Cluster-
ing of High-Dimensional Gaussian Mixtures with EM Algorithm and Its Optimality”.
Section A shows the proof of Theorem 3.1, which is the upper bound of the estimation
error for 8*. The lower bound of this estimation error, i.e. part (2) in Theorem 3.3,
is proved in Section B. Section C states and proves the technical lemmas used in
the proofs of the main results given in the paper and Section D provides additional
simulation results.

A Proof of Theorem 3.1

A.1 Auxiliary lemmas

We begin by stating a lemma that is used in the proof of Theorem 3.1.

Lemma A.1. Suppose 0* € Op(s,c,, M, M) and (C1), (C2) hold. If)\,gfﬂ) > 3Con 1o§p+
2Kg - da.s (61,67 V]| B0~ 5" , where Ceop, ko are defined in (C1), (C2) and B(Hl) is solved by

v

. (1 1o X N
ﬁ““)za%%gn{QﬁTE“+”ﬂ-—ﬂTuéH”-—u§+n)+AS+UWﬂh}a
cRp

then
1. For (D = B(H'l) — B*, we have uttD) ¢ ['(s), that is,

1 1
2wl 1 < 4ful ™1+ 3y/5]|uDo.
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1BHY — B*||2 < AM - do o(8UHD),0%) + 20 /sAHD.

The proof of Lemma A.1 is given in Section A.3. Recall that M, (0) and M(6) are
defined in (2.4) and (3.5) respectively.

Lemma A.2. Ifdy4(6,0%)V||B—8*|| < rA, B—B* € T(s), andr < [ Cel o VOMEIGeI—VOM

[ C
TN 5—\/”5, then

0 c Bcon(a*; Co, C1, Cb7 3)-

A.2 Proof of Theorem 3.1

A.2.1 Preliminaries

Recall that we update )\S) by )\S) = /1)\%_1)4—0)\ 10% and )\%0) = d2’3(0(0>76*\)/\§/||ﬁ(0>_ﬁ*|l +

Cy 10% with Cy = 17, so we have

dp,s(0©,0°) v B0 =% 1—rk* _ [logp
) — ot . 228 ’
)\n K Cl \/g + -« O)\ n .

Let k= (1V(8M))- ko, since 0 < kg < m, we have k € (0,1/2). Now let us define
2% — 4k + 2 6 1—k
=l (z5——— - (4M
¢ (2/{2—5/<+2 ( +1—;<;))V1—2m]0“’”’
and 5
K
O = 3Ceon + ——C".
1—-k
We claim

(i) k> Ko, C1k > 2K, MKko + 2MC1k < K.
(il) {2 C* + Copn < C*, and 4M Ceop + 2L 0y < C*.

In fact, the three inequalities in (i) can be seen from the definition of C; and .

For the first inequality in (ii), it’s equivalent to Cepp < 1*1_7;’“]0*. By the fact that

ko < k and the definition of C*, we then have

1—Kk— Ko 1—-2k
C*
11—k 11—k

v

c* > Ccon'



For the second inequality in (ii), we have

2M 2M 2
4Mccon + 1_ C)\ —4MCcon + ﬁ(gccon o

6 M 4M,‘-€0
=(AM + —— —

C*)
C*
By noticing 4M kg = g—? < 5 and the definition of C*, we then have

* 1 * *
—4/<;+2C +2(1—/<;)2C =

4MCcon + 1_ C)\ S 252

Further more, since y/slogp/n = o(r), we have for sufficiently large n,

1+&(C*+3Ccon
11—k

) /2108 (A1)

r>
- 1 n

We then divide the proof into two main steps.

A.2.2 Main proofs

We use induction to show that

N(t * At *
A S 30 /log +on, . s (09,67 VIIBY - 5|
" NE

A A ) 3 1 — K2 slo
oo (6D, 07V [BUH) = B < AT (dy,s(8),6%) V(B0 = BYI]) + — C*\/?,

— K

and

dQ,s(é(t+1)7 0*) V HB(tJrl) _ /B*H < T‘A, B(t+1) . ﬁ* c F(S),

where the last two inequalities, by Lemma A.2, implies that when r satisfies the condition
in (C1)
é(t+1) S Bcon(0*§ Cp, C1, Cb7 S)~

According to the conditions in Theorem 3.1 we have (C1), that is, do (8, 8*) V|| B(0) —
B*|| < rA and B0 —g* ¢ I'(s). Then by Lemma A.2, we have 0 ¢ Beon(0%; co, c1, Ch, 8).

Then it follows from Lemma 3.1 and Lemma 3.2 that

N /s1
d2,s(0(1), 0*) §d2,s(0(1), 0*) 4+ Coyy slogp
N slo
<ho- (ds (60,6 V 8O — 7)) + cﬁ
/slogp

<k - (d2,s(0,0%) v B - B*|) +




since kg < K, Ceon < 72%-C* + Ceon < C* < (1 +5)C*
This also implies

1 L6 9%) v |30 - g 1
AL Z)O) 4y (/282 Cmd2’ 07, 67) v [BY - g (KO + Oy 1282
n NG n

3(0) g+ 3(0) _ 3+
087, 5, d2a(09.07 V|8 — 5]
n Vs
since kC) + C) > 3Ccon, C1k > 2kKy.

Moreover, by Lemma A.1,

18D — B* |l <4M - dy (81, %) + 2M \/sAV

A A slo
<AM - (ko - (d2,5(8©,0%) v |B©) — B7]|) + Coony/ L)

n

+2M - Cik - d27s(é(0)70*) Vi HB(O) _ IB*H + 2M(1 I /ﬁ;)C}\ Sl(;gp

A . 1
—(4M kg + 2MC1) - (dos(8©,0%) V [|B©) — B*||) + (AMCrpp + 2M(1 + K)Cy )y | 2L

n
A . . . 1-x%_, [slo
<k (dos (00,07 V|8 = B7)) + T——C" [ 2R,

since AM kg + 2MC1k < Kk, AMCrop +2M (1 + £)Cy\ < (1 + k)C*.
Therefore, we have

i . ) ) - :
da,o(01),6%) v [[BY) — 87| < - (d2,s (60,0 V[ B = B) + T O*W -

In addition, since dy (8, 6*) v |3 — B*|| <r,

do,s (00, 67) v | BW — 87|l <r - (do,s(6©,0%) v |BO — B*||) + (L + @o*\/@

n
1
<kr+ (1+k)C*y/ >08P
n

<r

)

since r > HEC* Sk’% by (A.1).
Therefore the properties hold at the ¢ = 1-st step.
Now let us assume the properties hold at the t-th step. That is,

1 do s é(t—l) 0* 2(t—1) _ 3*
08 e 0,00 VI8 - )

A(t) > con
n > 3C, h 7




it g A . 5 . A . 1—x*t _ [slo
da,s(0,0°) V [BY) — B'| < k' - (das (6,07 V [ B0 = B7]) + ————C"y [ Z=2E,

K

and

d2,o(0Y,07) v 8" — 87| <rA, BY - B €T(s),
which by Lemma A.2 implies

é(t) € Bcon(a*; €o, C1, Cba 3)-

Then

/logp d2,5(61),67) v ||BY) — 7|
3Ccon +2 \/g

e (@2 (60,8 v B0 — ) + 15 ¢ [l

<?’Ccon +2/<§0
NG

d2,+(0©),6%) v [|3©) — g* 1 R

gt OOV F” o
\/g 11—k n
d2,5(0),67) v |8 — B*| , 1 - "2 [logp

< t+1 | . ,S s log p
=F = Vs - Cy -
—\({t+1D)
1— K,+2

since C > 3Ceon + 2K0 = — C* Cik > 2kp.

Further, use Lemmas A.1, 3.1 and Lemma 3.2, we have

A 1
d2,s(0(t+1)7 0*) §d2,s(0(t+1)7 0*) + CconW
A( slo
<o (0 (0).0%) V[0 — 3] + Coy [ 1252
- 5 1 — gl slo slo
ko (1 (ds (0,67 V B — BY])) + = C" | 728) 4 Cogny |22

R et 1
<ro - ' (dos(80,0°) VB9 — B*[) + (Ko ———C* + Coon)y| —2L
~ N _ t+2
<K (d, (00,0%) VB0 - ) + L T [2108P
— K n

11—« n
since ko < K, Kot 7 C*-l—cconS = H o




Moreover, by Lemma A.1

IBED = B2 <AM - dp 5 (6111, 6%) + 20 /5D
1— gttt slo
SAM - (g 1+ (d2,s (0,07 V 1B = B) + (ro————C" + Coon)y | 2

das(6,6%) v B = B7|| | 1— kM log p
M5 - (K. Oy - 22
+ Vs (k Ch NG + 1= r C n )

<(AMrg + 2MC1r)K" - (d2,s(89,0%) v B0 — 87|

1 — gtt+l 1 — gt2 Slng

+ (5070* +4MCeon + 2M C’/\)
1-— 11—k n

N N L tt2 1
S (0 (00,07 VB0 - B + O*W :

since 4M kg + 2MC1k < K, nol "‘HC* +4AMCeopn, —I—2]\41 KT CA < = "‘ 20
Further,

) 2 N R 2
0o (6D 67) v B — G| <kt - dy (0O, 67) v 8O — 57| + - - C*W

<gtl.r 4 1= KHQC’*\/ slogp
- 1—& n

<r

9

: 14k v« [ slogp
since r > —171{0 \V/ o

Now we complete the induction and have

* %) * A * 1—/€t+1 " slo
d2.s(00,0) VB — B°)| < K- (dos (6,6 V[ BO) — g) + " |8,

(0) g*
Therefore, when Ty 2> 10gn+logcll§gg;£9 < )’
BT - gl 5 4/ 2L,
~ n

A.3 Proof of Lemma A.1

At first, since

g(t+1):argmin{ SBTEHDE - gT (Al ué””HW*”Hﬂlll}a

BERP



by letting 61 = (Hl) Agﬂ), we have

2

which implies

H

}B(tﬂ)ri(tﬂ)ﬁ(tﬂ) BT SR | 2B D < }ﬁ*ri(tﬂ)ﬂ* _ grT U AL 87y
n — 2 n ’

t—l—l)(HI@(t-‘rl)Hl ||13 || ) - *Tz(t—i—l)ﬂ B*Té (t+1) ( B(t—i—l)TE (t+1) B t+1)_B(t+1)T(§(t+1))
2 b)
(A.2)
Let u(*1) = 3+ _ 8% and recall that S = supp(8), then we have
- 1 1 1 1
1By — [18*1 > (18 +uld = ™l — 1871 = ™l — [l

In addition, by Lemma 3.2, we have with probability 1—o(1), Hfl(t“)ﬁ
Cuony/ 222, and it’s followed by

}ﬁﬂi(tﬂ)ﬁ* _ @ T (15(t+1)T2 (HH) G(EHD) _ GUADT §(E+1))
2

2
- _ <2(t+1)5* _ 51 ,3 (t+1) B*) —
_ <Z(t+1)[3* _ 3(t+1) (t+1) B
§|<2 t+1)B t+1 B +6 (t+1) S
<HEEDBT = YT 4 U - 6D, U — g7 4 [(SUFY — 58" + (87

%<B(t+l) i ﬂ*,i(tJrl) (B(t+1) . ﬁ*)>

IN

<Ceon IO%HB(HU ~ B+ [(EEHD — 598 4 (8% — 8D, gD _ gy
=g EL Jul D, (S — 548+ (5 — 5¢+V), D)

= Cron B2 sl )y (B 5087 4 (8% — 6| i)

=Cleon 10%”'“'(“_1)”1 + (H(E(tﬂ) ~SH8 s + |6 — 5(t+1))H2) ) Hu(t+1)H
<Ceon IO%HU(HUHI +2dy (00D, %) . [utHD)]|

V1 + 260 - (do,s (09, 67) V(IBY = B7) - a1

lo
S Ccon %

where the last inequality uses Lemma 3.1.

Then we have

Al = 6§ 1h) < ooy “EL ]y + (S04 - £9)8" + (5

(t+1) B(t—i—l) o IB*>| + |<E(t+1)ﬂ* _ t+1 B (t+1)

Z(t—i—l)ﬁ*Hoo <

Bl

t-‘rl ) ,6(t+1

_ a(t-l-l))’

u(t+1)> ’

8]



If )\g +1) satisfies

1 do s(0®), 6* 3(t) _ 3+
8P | oo 2,5(0",0") V|3 ﬂH,

)\(t+1) > con
(t+1) > 3¢ Y

we then have

(t+1 (t+1) 1 (t+1 (t+1)
s =l ™ 1 < gDl Vsllu )] = <||us N+ ) +vs] w0 g,

This implies
20 ul < 4wl |1+ 35 [[ul D,
that is, ™+ € T'(s)

Then we proceed to prove (ii). By (A.2), the term on the right hand side equals

1 *T * *T 8 1
§ﬁ Tz(t+1)13 —,6 T(s(t+l) (2

_ <ﬁ;(t+1)5* _ ot ,é (t+1) —B*) — %<B(t+1) B $(t+1) (,@ (t+1) — B)

BUADT 5 (t+1) gt+1) ﬁ(tJrl)TS(tJrl))

‘We then have

A~

ADAB VL = 1187|h) < =D gr — 601, gD — g7) — —(B0FY — g, 5D (30D

N

This implies

(B ﬁ SHD(BHD — g
<2’< t+1 3(t+1 IB(tJrl *>| +2)\(t+1)HB(t+1) _5*”
<2||% t*%’ S 5| B — B¥lg + 2v/sATTV BT — g7,
<2 BB — 87 4 8% — 50T |8 — 87|y + 2/sALTY | BT — g7
<ddy (01D, 07)[|BUTY) — B7||2 + 2¢/sAT BT — 37

where we apply the definition of || - ||2,s and Lemma 8.1 to the second inequality.
In addition, since [|[Q2*||2 < M, we have [(8(+D) — g £*(3¢+D) — g))| > L Hﬁ (t+1) _
B*||3, which implies that

IBUHY) — Bl <AM - da (671, 0%) + 2M /sA[HY.



A.4 Proof of Lemma A.2

Recall that

Beon (075 co,¢1,Chp, 8) = {0 = (W, 1, 12, %) : 1, po € RP.Y € RPXPY = 0, (A.3)
w € (co, 1= co), (1 — 1) A% < [61(B)],162(B)], 0%(B) < (14 c1)A?,
B—B*€T(s), 18— B < A, [|p1 — pillas, |2 — p3ll2,s < CrA Y,

where §1(8) = B (p} — 2132, 55(8) = BT (us — ¥25#2), and o(8) = /BT E*6.

Since w* € (cu, 1 — ¢y), when |w —w*| <A <|cp — |, we have w € (cg, 1 — ¢p).
AQ — I@*Ta* — IB*T(IJ‘T _ ”’5)7 then

8272 = BT (u = BB = |5 (g - PLTE) — g7 (g - L2

sm”(u’f—@n—ﬁw;—%nﬂﬁvui—%) BT (uj - 1
<lig* — Bl -t — LT g g7 (LT R2 Mt R
S?“A~\/MA+TA-(\/MA+TA)

2(3T\2/M + r2) A%

When 7 < \/W*\/QW7 (3r\2/M —I—TZ)AQ < 1 A2
Moreover, when r < \/% ,

lo?(8) — A% < [IZ*[[IB = B*[13 < Mr?A? < A%
Further, since 3 — 3* € I'(s), and thus there exists some S C [p] with |S| = s such that

18 = 8111 <I18s — Bl + 18- — Bl
<3185 - 85l + 22118 - 8l
<5Vs(|B — B%[l2 < 5v/s - TA.

Therefore, when r < ‘C‘)Z” A Y 9M+1€fl* VOM A LA 5?1’[, we have

0 c Bcon<0*§ Co, C1, Cb7 3)-



B Proof of the part (2) in Theorem 3.3

In this section we prove the lower bound for estimating 3*. We follow the notations used in
Section 8.2 in the main paper and consider the parameter space O1 = {0 = (1/2, p1, p2, X) :
H1 = eu+ dey, o = —p1, X = JQIp;u € /le} defined in Sectoin 8.2, B = L7y — p2) =
201 .

Our strategy is to first verify the result in Lemma 3.5 and invoke Fano’s lemma. Here
we use the £y loss, and define Lg-(8) = ||B — B*|]2- Foru € A; = {u € {0,1}? 1, u’e; =
0,||ullo = s}, denote B, = 2eu + 2X\e;, where € and A\ are chosen the same as that in
Section 8.2. Thus for u # v,

slogp

1Bu — B3 = 4€* - prr(u,v) =< =

By triangle inequality, for any u,v € As,

. A 1
Hﬁu - ﬁHQ + HIBU - IBHQ > ”IBU - IBUHQ = W (Bl)

Combining (8.4), (B.1) and Fano’s lemma, we obtain the desired lower bound for the

estimation error in 3*.

C Proof of Technical Lemmas
In this section we collect the detailed proofs of Lemmas 3.1, 3.2 and A.1.
C.1 Proof of Lemma 3.1

C.1.1 Goal

Let 6 = (w, p1, po2, ). We are going to show

w(8) —w'| < Ko - d2,5(6,67);
14(6) — pill < 0 - d2,s(6,6%)  k=1,2;
12(8) — 27| < ko - d2,s(6,607).

C.1.2 Preliminaries

Firstly, let’s show the self-consistency: M (0*) = 6*. To see this, recall that M (0) =
(w(8), n1(0), n2(0),X(0)) can be calculated analytically as (3.6) and (3.7). Then we have

w(8") = Eyp(2)] = E[Pg- (Y =2 2)] = Ppe (Y =2) =",

10



11(6%) _E[(1—ne-(2))2] _E[Pe-(Y =1[2)z] E[E[I(Y =1)]|Z]Z]
E[1 — ve+(Z)] E[l - 70*( )] E[1 — ve+(Z)]
_EE[ZIY =1) | Z]] _E[zIY =1)] _ .

= .
E[l -7-(2)]  E[l- ’Ye*(Z)] '
Similarly, we obtain pe(0*) = pb and X(6*) = £*.
Therefore, our goal changes to
lw(@) —w(0)] < ko - d2.5(0,0%);

162 (0) — pi(07)]| < ko - d2,5(6,6%) K =1,2;
132(60) — 3(07)[| < ko - d2,5(6,67).

Then we inroduce the following elementary facts on the functions fi(t) := W,

fa(t) :== W and f3(t) := m, which will be used in our following
proof:

A< —1 < L for all ¢ € R (C.1)

NS gl —w) T Amin{w, 1 - w}’ o ’ '

1

< —2 for all a > 2
tes[ggo] fi(t) < min{w 1 — w2 exp(—2a), foralla >0, (C.2)
o) < e L for all £ € R (C.3)

2= min{w, 1 —w)? ~ 4min{w?, (1 — w)?}’ o ’ '
< —3a/2 for all a > A4
tes[ggo] |f2(t)] < min{w 1 — w2 exp(—3a/2), forall a >0, (C.4)

t2 — b?| - eI 1+ b?

t)] < < forall t € R C.5
s < min{w,1 —w}? ~ min{w?, (1 — w)?}’ oraflt €k, (C.5)
) < — 1Y (—a), foralla>0 (C.6)

tes[ggo] O < o 1o exp(—a), for all a > 0. .

Elye+(2)Z]
Elve= (2)]

For 6 = (w, p1, po, X), recall that M(0) = (w(0), u1(0), p2(0),%3(0)) , where

C.1.3 Taylor expansion of E[ys(Z)] and

w+ (1 —w)exp{BT(Z — (u1 + p2)/2)}’

Yo(Z) =

_E[(1—(2))2)
B[l —0(Z)]

11



To show Lemma 3.1, we first verify the following two inequalities:

2,8 \ ||/3 - B*H2)7 (07)

25 V1B = Bl2),
(C.8)

E[ve+(Z2)] — E[ve(2)]] < Kuw(lw — ™|V |1 — pill2,s V [lp2 — 15
HE[VB*(Z)Z] ~ E[e(2)Z]

E[ve+(Z)] E[ve(Z)]

< Ray(|lw — W'V |1 — pill2s V [l 2 — g3
2

where the constants s, and x, are to be determined.

It is clear that v9(Z) only depends on parameters w, p1, o and 3. With a little abuse
of notations, we write @ = (w, p1, p2,3) in the rest of the proof. Let Ag = 6 — 6%,
0, = 0* +ulg and gg9(Z) = Ehe(£)Z] pen

E[ve(Z)] °
1
Bo(2) 20 (2)] = E[ [ (%2 aa) au]
L 9ve(2) 970(Z) = 010(Z)
:E[/O< o ‘ezou,Aw>+< gﬁ \ezeu,AgH;( a‘;k jezeu,Awdu, (C.9)
and
_ [t dge(Z)
90(2) = 90(2) = | (5 ‘Bzeu)Agdu
! 9g0(2) dg6(Z) 2. g0(2)
_/0( gw ‘ezeu)A“Jr( gﬁ ‘ozeu)AﬁJrz( ;uk ‘ozeu)A”kdu'

k=1

We need further calculation to study dge(Z). By chaining rule, we have

0g96(2) = 5 (Elve(2)] - E[Z(079(2)) "] — Elve(Z2) Z]E[0v9(2)] ")

(E[e(2)])
—— (W(OEIZ(090(2) ] — Elvo(2) ZE[070(2)]T)

=5 (WO)E((Z — p2)(070(2)) "] — E[16(Z)(Z — p2)|E[070(2)]T),  (C.10)
where the last equality is due to the fact that
w(0)E[p2(079(2)) "] = w(0)pu2E[(970(2)) '] = Elve(Z)|2E[(976(2)) T].

Therefore, dgg(Z) is a function of dvg(Z). To show (C.7) and (C.8), we look at the

partial derivatives of v9(Z) with respect to each parameter in €. Some calculations yield

12



that

gw(z) _ exp{B'(Z — 111H2)}
B [w+ (1 - w) exp{BT (2 — trf2)}]*
P w(l —w)exp{BT(Z — 111H2)} g+
%70(2) T [w+ (1 —w)exp{BT(Z — “12;”2)}]2 {Z - 2 2}
— (1 - w)aifyg(Z){Z _m ;“2 3 (C.11)
O gy = o w)ep(AT(Z ) B
Ok [w+ (1 —w)exp{BT(Z — HatH2)})? 2
:w(l—w)%yg(Z)-g, kE=1,2.

Due to the self-consistency shown above, 8* is a stationary point such that M (6*) = 6*.
This implies that the terms on the right hand side of (C.11) should be very small in
expectation when 6 is close to 6*.

It is easy to see that all three terms in (C.11) depend on the random variable 8" {Z —
(1 + p2)/2}. In the following, we first show that 8'{Z — (u1 + m2)/2} can be equiva-
lently written as a one-dimensional normal random variable, and use this fact to obtain
probabilistic bounds of the expectations of the three terms in (C.11).

Let Z = (Q)Y2{Z — (u} + p3)/2}. Then

* * H* B M* * * “* - /1'*
Z ~(1—w*)N,(( )1/2%,11,) + W N, (— (2 )1/2172,1,,) =V + Zy,

where ¥ ~ (1 —w*) - (Q*)l/Z(@) + w* - (—Q*)1/2(@), and Zy ~ N,(0,1,). The
random vector Z can be further rewritten in terms of Z as Z = (X*)Y2Z 4 (u} 4 ub)/2.

For convenience, we introduce the following notations. Let
Ag=pB-p" Aup=(m+p2—p;—pi)/2
05 = BT (V20 — BTA,, that is, P(9g = 61(8)) = 1 —w* = 1 — P(d5 = 52(8)),

51(8) = B (w1 — H1T12), 6(8) = 7 (w3 - M1 12), 0(8) = VBTSB.

Then

ﬁT<Z 1 -2F H2> _ IBT(E*)1/2Z _ ﬁTAM
LRI+ Zy) - BT Ay
_ 5B+BT(E*)1/2ZN

i 55 + O-(B)ZNU

13



where Zy, is a standard normal random variable.

C.1.4 Contraction for the mixing proportion

Define the event
1-— C1
2

Since on Beon (0%;co,c1,Ch, 8), 0(8) < c2A, using an elementary bound on the tails of

Er={lo(B)Zn] < A%},

Gaussian distribution we obtain

P(&T) < 2exp{—(1_cl)2A2}.

8(1+c1)

Since P(6g = 61(B)) = 1—w* = 1-P(0g = 02(B3)), |0g| > c1A% on Beon (0% co, c1,Ch, 8).
Therefore on the event &, we also have |0g + o (8)Zn,| > |0g] — |0(8)Zn, | > (1 —c1)A2)2.
It follows that

o exp(ég + o(B)Zn,
E [%%(2)] =k {w+(1- w() zxp(5;<3 4)- 0(5))ZN1)}2]

[ expldpt o(8)Zm) | 51]
{w+ (1 —w)exp(ds +0(8) Zn,)
‘ exp(d + o(8)Zn,) | gc] P(ED)
{w+ (1 -w) exp(5ﬂ+U(B)ZN1)}2 1 1

- 1 l—c o N 1 (1—c1)?A%
xp | — xp [ —
~min{w?, (1 —w)2}e P 2 4min{w,1 — w} P 8(1+c1)

P&+

3 . 1—61 (1—61)2 2y . _ 2
ch exp(—( 5 8(1—1—01))A ) := czexp(—cgA%), (C.12)

where the first inequality comes from the facts in (C.1) and (C.2), and the constants c3 := C%,
0

(1—61)2
8(1+c1)

cq = 1;(31 A

also depend on ¢y, c1, ¢a, defined in Beon(0*; o, c1, Ch, 5).

To bound '<B'ygléZ))9 o ,Ag)|, we notice that

Ie(Z)  w(l—w)exp{BT(Z — L1ft2)} (Z ot uz)

0B [wt (- w)exp{BT(Z - )}’ 2
21— w)a'ygiz){(z*)w(qf +Zy) - Au}.
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‘E[@Wgéz)‘e:g ,AB>” <‘( [ (1— )875(5} ) (= *)I/QZN},ALﬁ’
H w( (9’7;£Z) ) (E*)l/Q\IJ} ) [|Ag]l2
i HE w1 _w)avag(Z) 'Au] -[1Agll2. (C.13)
« 2

We bound the last two terms in (C.13) first. By (C.12), the second term in (C.13) can be

bounded from above by

(1~ w) - ez exp(—eaA?) - H 92| gl
<w(l —w) - cgexp(—csA?) - 5\/MA 1Ag]l2
C
§§3 exp(—caA?) - VMA - || Aglla, (C.14)

and the third term by

w(l = w) - cgexp(—csA%) - [ Aplly - [|Ag]l2

Cye
<&

% exp(—csA?) - A || Aglla. (C.15)

To bound the first term in (C.13), let a’ = BT (X*)Y/2, and H be an orthogonal matrix

whose first row is @’ /||a|2. Then we have
Ha = ||la2e1 = o(B)e,

where e; is the basis vector in the Euclidean space whose first entry is 1 and zero elsewhere.
Note that E[26Z) (5:)1/2 7] = (5)1/2H TE[28Z) 7], and

. [879(2) i ZN] el exp{ds + AT (592 Zx) i ZN]
Ow | [w+ (1 —w) exp{éﬁ—i—,BT(Z]*)l/QZ]\/}]2
:E [ exp{op +a H HZy} HZN]
| [w+ (1 —w)exp{dp + ozTI-ITHZN}]2
Y=HZnp _ exp{dp + [[ex[2Y1} Y]
w4 (1 w)exp{dp + [lrll2¥1}]”
el exp{0s + 0(8)Zn, }

| w + (1 - w) exp{og + 0(8) Zn, }]° Nlel] ’

where Y] is the first coordinate of Y ~ N,(0,1,), and is a standard normal random variable.
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Thus Y] <z N, and the last equality uses the fact that Zy; and Zy; are independent for
any 1 <i <pand E[Zy;] =0.
Multiplying (S*)Y/2H T and B[22 F 7] yields
[ 5 Z
E aWB(Z) (E*)I/QZN K eXp{ B + U(B) N1} .
Ouw | [w+ (1 — w) exp{dp + 0(8)Zn }]
eXp{5,3+U(B)ZN1} N ( *)1/2 «
[+ (1 —w)exp{ds+a(B)Zn }]> o(B)
[ exp{dg +0o(B)Z .
{95 +0(8) 2.} chw)le] .
i [w + (1 —w)exp{dg + U(,B)ZNl}]

7 (Z*)1/2HT€1

Ny

=K

=K

1
a*(B)

Recall the event & = {|o0(8)Zn,| < c1A2/2}. Using the facts in (C.1), (C.2), (C.3), (C.4)
and (1 — ¢1)A? < 0%(B),5(8) < (1 + ¢1)A?, we obtain

\E
{w+ (1 —w)exp(dp+0(B8)2Zn,)}

:'E
1 3(1—c) 1 (1—cp)2A2
S2min{(,uz, (1-w)?} P <_ 8 A2> + 4min{w?, (1 — w)?} P <— 8(1+c1) )

exp(0g + 0 (B)Zn,)

{w+ 1 —w)exp(dp +(B)Zn,)}
exp(dg + (B)Zn,)

{w + (1 —w)exp(dg + U(ﬁ)ZNl)}

exp((slg +0(B)Zn,) 20’(ﬁ)ZN1 | glc] P(&Y)

QU(IB)ZNI

50(B)Zn, | 51] P(&1)+

2 31—c1)  (1—ec1)?
S% exp(—( 3 A S+ Cl))A2) < czexp(—cgA?).

Combining the pieces, the first term in (C.13) is bounded by

& fut1 -0 202 22y o)

—W% exp(—ciA?)[(2*B, Ag) |
M
SAW\TA exp(=esl?) - [1Agla, (C.16)

where the second inequality uses the fact that ||X*8| < vVM||2Y?*8|| = vVMo(B) and

O'(,B) > /1 —ci1A.
Therefore by (C.14), (C.15) and (C.16), we obtain

‘E [< 8V§,§52) ‘azeu’

Al < Al (3
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where cg1 = (‘/M:CbA + \/MqA) - czexp(—cgA?).

41—
Finally,
9 w1l —w)exp{BT(Z — (u1 + p2)/2)} ] B
—E[9(2)], Ap)| =|E T A
o, 1012 Sl ' [w+ (1 - w)exp{BT(Z — (1 + p2)/2)}] Ty B

5—5*
2
Cb—l-\/i

,8*

<w(l—w) - e3-exp(—ead?) - (| Al + 15 Aul)

<w(l—w)-cs-exp(—csA?) -

<Cb—|—\/M
- 8

A”Hl

1112,s
A czexp(—csA?) ||} — pa2,s,

By symmetry, this is also true for po, and therefore we have

Cb-f-\/i

o ]HM ,Lk>H_ ——gAaep(—al?)|u - s, k=12 (C.18)

In summary, plugging (C.12), (C.17), (C.18) into (C.9), and letting ., = c3 exp(—csA?)-

[(@A—i— 4\/\1/%A) + 1], we have

s V1B = B%l2,s)-

s Ve —

E[ye+(2)] —E[ve(2)]| < fuw(lw — ™[V || 1 —

which concludes the first inequality (C.7).

C.1.5 Contraction on the mean

Then let us proceed to show the inequality (C.8). First recall that Z = (X*)'/2Zy +
{% + (2920}, where Zy ~ N,(0,1,) and % + (2920 ~ (1 — w)*pl + w* s
Then by (C.10), (C.12) and (C.16), to show the contraction Haggif}Z)Ang < cp2|Au|, we

only need to bound

0
2 aTUE[’Ye(Z)(Z H2)] ,
_ 9 “)1/2 Hi+ s *\1/2
<2|E [i’ye VzZN} + 2c3 exp( C4A2)(\ﬁ +Cp)A
(%J 2
VM
§2ﬁ03 exp(—c4A?) 4 2¢5 exp(—cs A2) (VM + Cp) A
<2 Lyt oV + 1)) expl-eat?) 1= s exp( 1) (C19)
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Next we are going to show ||E[<8Vgiéz) AR (Z — pa)lll2 < cp2||Agll2 for some cga > 0.

0=0,
By (C.10), it suffices to bound ||E[%79(Z)(Z — p2)lll2-

Since Z = (X*)Y2Z + (u} + pb)/2 with Z = U + Zy, we have Z = (X*)V2(0 + Zy) +
(i 4 p3)/2 = (B2 Zy + ()20 4 (uh + p3)/2, and it follows

+ k * 1 + 5 * *
(2 = po)(z — FETERT =(20) Py 2T ()2 { PR 4 (920 a2 T (22

2
n (E*)I/ZZN{ul 42‘ K2 | (5912 — m1 —; M2 }T

+ {l’l’l ;/J/Q + (Z*)l/Q\If o uz}{ul —; (o) + (Z*)l/Q\IJ K ‘;’N? }T'
By definition,
Pt . kL
S ()P~ (1w s,
Therefore by (C.11)

1 0
w(l—w) %E

[ve(Z)(Z — p2)] =E [aaw’yg(Z)(Z — uz)ZT} _ E[a(?ﬂ"(z)(z ~ )] (Ml ‘;HQ)T

afw’m

b o * *
-k |:8w70(Z)(2*)1/2ZNZNT(E*)1/2:| +E |: (Z)(E*)1/2ZN{M1 —; Mo - M1 ;‘ M2 + (2*)1/2\I/}T:|

9 e )1/2 T (g2
8 | aa{ M k(50202 (57)

2
+E| L re(2) {Ih Ha ot (2 )1/2\1,}{N1 Mo 1+ Mo (2 )1/2‘1,}T_
Ow 2 2 2
(C.20)
The second to forth terms are easier to bound. For the second term in (C.20), its || - |2

norm can be bounded from above by

K w12, [P H  p1 g o1/2q T
e [ o 2z {55 2 ()

2
<[ [z | [{an s ey,

<cgexp(—csA?) - (VM + Cy)A,

where the last inequality is due to (C.19). The || - |2 norm of the third term in (C.20) can

18



be similarly bounded by

2 2

* *

' '{M‘;‘Hz — (E*)1/2\I,}T

HE [iﬂe(@{w — p2 + (Z*)l/Q\IJ}ZNT(Z*)l/ﬂ
9

<

\E )2 2

<cg exp(—csA?) - (VM + Cp)A,

2

Further, the forth term can be bounded by

HE{;;W(Z)HMT T (E*)l/gql}{u’{ tHy e (E*)l/zq,}T

2 2 2
<2czexp(—csA?) - (M + CF)A?

2

Lastly we bound the first term in (C.20). Recall that " = 87 (2*)Y/2, H is an orthog-

onal matrix whose first row is a/||at||2, and Ha = ||a||2e1. Then

[ Sg+o H HZ
E exp{dg + & N} QHZNZNTHT
| [w—+ (1 —w)exp{dg +aTHTHZy}]
Y=HZxp exp{dg + [|of2Y1} vy T
= 2
i [w + (1 —w)exp{dg + ||aH2Y1H
g +Ha”2Y1 1 +||aH2Y1
e’B e’B
=E s(Y2—1)| ere; +E 5|1 L
{w+ (1 —w)elstllalzr} {w+ (1 —w)elstllalzry
[ Sp+0(B)Zn Sp+0(B)ZN
d e’B 1 9 T e’B 1
=E Zy —1)| ete;’ +E
{w+ (1 — w)eloto @7y, }2( M )] ok (o (1—w)etsto@Zn )7 |7

T
=vieje; + ’UQIp,

where we have defined
eI8to(B)ZN,

{fw+(1- w)edstoB)Zn, }

Ule

{w+(1- w)edstoB)Zn }2

2(21%1—1)], vy =E

Recall the event & = {|o(8)Zn,| < 152 A%}, Using the facts in (C.1), (C.2), (C.5) and
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(C.6), we obtain

eI+ (B)Zn, )
n ‘E for (L w)ehare@n 37 0 1)] ‘
) Sato(8)Zn, S T
[+ (1 — w)eloto@zn 127N P&
T (Z%, — 1) | & | P(£7)
{w+ (1 — w)edstoB)zn, 12 N ¢ ¢
:'E eI to(B)Zn, (6 +0(B)Zn,)* — 265(c(B)ZN, + 08) — 25% _ 02(,6)) | 51] .
{w+ (1 —w)etoBin, }2 )
Ito(B)Zn, (0 + 0(B)Zn,)? — 20a(0(B)Zn, + J5) — 265 — Jg(ﬂ)) | gc] e
{w+ (1 - w)eloro (B2 )2 g Toe
L2t e)AT 421 o)At 2 exp (~5A2)
(1 —c1)A2 min{e?, (1 — w)?} 1

1+2(1+c1)A% +2(1 +¢p)%At <_(1—c1)2A2>
(1 —c1)A?min{w?, (1 — w)?} 8(1+¢c1)
<1+2(1+01)A2+2(1+61)2A4. 2 {_(cl (1—c1)?

- (1—c1)A2 %eXp 4" 8(14cy)

>A2} = crexp(—csA?).
Additionally, vo can be similarly bounded by
v9 < c3 exp(—C4A2).
By multiplying ¥*!/2 on both left and right hands, we then get
HE exp{dg + (8" + Ag) T (£9)/2 2y}
[w+ (1 —w)exp{dg + (B* + Ap) T (X*)Y/2ZN}]

== HT (vierer” + vl H(Z")'?2
U *
=5 (=92 aa’ (Z)Y2 + 05"
<
el

< U
~o(B)?
4M cr

(1—1¢1)

5 (E*)1/2ZNZNT(Z*)1/2

2

lexll?

UL MAZ 4 pM

MA? + voM

< exp(—csA?) + c3M exp(—csA?).

Combining the pieces yields

ve(Z)

B35 lo_s,

yAp) 2] |2 < cpallAgllas:
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where cgy = exp(—csA?) [(M + (M + C3)A?) cs + (14 2(VM + Cp)A)cg +
Finally, by (C.19)

4M

9 w1 - w) exp(BT(Z — (1 + 12)/2) (8. 80,)
Y _ A — _ M B/,
H 8HkEhB(Z)(Z H2)l B 2 . [w + (1 —w)exp{BT(Z — (11 + H2)/2)}]2 v IUZ)] 9 2
<u(1 =) [ 5Eh0(2)2 - | PIEEE=E g,

<2(Cy + VM) Acg exp(—caA?) || Ay, 2.5,

where the first inequality follows the fact that 8*, 8 — 8* € T'(s).
Let iy, = c3exp(—cgA?)+exp(—csA?) [(M + (M + CHA?) ez + (14 2(VM + Cy)A)cs + 127 |+
2(Cp + VM) Acg exp(—c4A?). Then (C.8) holds:

e = e < vl =71 s = il V i = s v 18- 571

Similarly, we also have

[11(0) — pa™[l2 < k- (lw = ™[V {1 — pill2s V [[2 — pall2,s V(1B = B7|2),

which implies
[e(0) — pall2 < mp(jw = V[ = pillzs Ve = psll2s VIB=B"l2), k=1,2. (C.21)

C.1.6 Contraction on the covariance matrix

Let p* = (1 — w*)p} + w*pb, we have

£(0) =" = [1 - w(0)]pi(0)[11(0)] " — [1 — wIpi(pi) " + w(B)p2(0)[p2(0)] " — w* s (p3) |
=1~ w(O)](k1(8) — 1) [p1(8) — p']" — [L = w'](p] — w) (BT —p) "
+w(0)(12(6) — u)[12(8) — 1" —w* (k2 — p*)* (3 — 1),

where the second equality uses the fact (1 —w(0))p1(0) +w(0)u2(0) = E[(1 —v(2))Z] +
Epo(2)2] = E[Z] = (1 — )5} + w85,
By triangle inequality,

1=(8) = ="l < |I[L = w(8)](11(6) — p*) (p1(8) — p*) " — [1 — w](paf — p*) (s — ") |2

+ [ w(0)(p2(8) — ) [p2(8) — p*]T — w (2 — 1) (w3 — p*) 2

21



The first term (¢) can be bounded from above by

(i) <[w* —w(O)] - (] — ") (1 — 1) T l2
+ 11— w(O)] - [[(11(0) — p*) (11 (0) — p*) T — (w5 — ") (1} — 1) T|l2
<|w* = w(@)] - (e — w*) (i — 1) T2
+ 11— w(O)] - [[(111(8) — p*) (111 (8) — p*) " — (p1(8) — ) (e} — ") |12
11— w(@) - [[(11(0) — ) (i — )" = (f — ) (e} — 1) T2
<lw* —w(O)] - (1 — ") (15 — 1) T2
+ 11— w(@)] - I(11(8) — 1) (p1(6) — 7)) |2
+ 11— w(@)] - [I(1(0) — ) (e — 1) ]2
<|w* = w(0)] - A% + (|11 (8) — pill2 - 121(0) — w2
<|w* —w(@)] - A%+ 11(8) — pillz - ([[1(0) — pill2 + It — 1 |[2)
kA2 - dy o(0,0%) + iy, - do o (8,0%)(ky, - doo(6,0%) + VMA)
<kWA? - dy4(0,0%) + Ky - das(0,0%)(CA +VMA)
=(kWwA? 4 Ky - (CoA +VMA))da 4(6,0%).

Term (i7) can be bounded similarly. It follows immediately that

1(2(8) — £*)B8" |2 <[I=(8) — |2 - VMA (C.22)
2.s), (C.23)

<kz(lw =@V = pillz Ve — poll2s VI8 - B

with ks 1= kW VMA3 + K, - (VMCyA? + MA3).

Recall that x,, = c3 exp(—c4A?) - |[( \/M;CbA + 4\/\1/—M01A) +1],

M
7+ 2(Cy + VM) Acs

Koy = exp(—csA?) [03 + (M + (M + C2)A?) ez + (1 +2(VM + Cy)A)cg + —
— €

4M
= eXp(—C4A2) |:(03 + Mecg + 1 cr +cp) + 4(\/M + Cy)esA + (M + Cg)C3A2 .

-
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Assuming A > M~/6_ we then have

Ko =Ky V Ky V Ry < HWVMA?’—G—/@,L-(\/MC'bA2—|-MA3+1)

- —— A vVMA
2 ¢ oot ]

AM
- [(cg + Mey + T——cr+c6) +4(VM + Gy)esA + (M + C2)e3A?| - (VMCyA? + MA3 + 1)}
1

<exp(—esd?) - {[( SO+

= exp(—C4A2) : pOIy(A> Co, C1, M7 Cb)
:fﬁ(Av €o, C1, Ma Cb)7

_ 2 1= (1—c1)? _ VM
where as denoted before, c3 = @ = 5 A 8(1+1cl), ce = 2(EA03 + c3(VM + Cy)A),
_142(14c1)AZ42(14¢1)? A% 9
1= (1—c1)A2 ’ 3’

Let C(co,c1, M, Cy) denotes the number that satisfy

1

HA; 9 aMa N, (1o ATN
Ta(Bs co, 1 Cb)<2v(16M)

(C.24)

when A > C(Co, c1, M, Cb)
-1/6 . 2
Therefore, when A > M~/6 v C(co,c1, M, Cy), there exists kg € Toarc 30 such that

d2,s(M(0),0%) < ko - d2,5(0,6%) V [|B — B7|2-
This concludes the proof.

C.2 Proof of Lemma 3.2

We divide the proof into several parts, where each part shows derivation of the concentration
inequalities for the estimate w, fi1, f12 and by separately. Key components in showing
our concentration results are the following lemma on a variant of Talagrand comparison

inequality and another lemma on the covering number of I'(s).

C.2.1 A variant of Talagrand comparison inequality

First, recall a function f : X — R is Lipschitz with constant L if and only if | f (1) — f(x2)| <

L||x — x| for any @1, x2 € X, where X is some Polish space.

Lemma C.1. Let z, ..., 2™ be n independent realizations of the random variable z € X
and F be a function class defined on X. Suppose €1, ..., €, are i.i.d. Rademacher random
variables. Consider the Lipschitz functions ¥;(-) (i = 1,...,n) with Lipschitz constant L
that satisfy 1(0) = 0. Then for any increasing convex function ¢(-) and a fixred g € F, we
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have

E <E

0 (\ sup Y- e vl £ (=) - g (=)

FeF iz

)

Proof. First we fix sample S = (2, ..., 2("), and write

0 (2\L sup e f(29) - g(=?)

FeF iz

)

Ee{ollsup Y e - wilf(z)] - gz} =Eey...or 1 Ee, {0l sup Y e - il f(20)] - g(z)]]}
feF i feFia
:E€1 ----- €n71E€n{¢[| jsrlelg_An—l(f) + €n - %[f(z(n))] : Q(Z(n))”}
:%Eq ..... en,1Een{¢H sup An—l(f) + wn[f(z(n))] : g(z(n))‘]}
feF
+ 5Bt B, {01l 5D Ana (1) = 0l (0] - (=),
feF

where Ay 1(f) = S il F(20)] - g(=)).
Suppose the suprema on the right hand side of the equation above are achieved at
(f1, f2). Then we claim

Ee, {o[sup An_1(f) + € - ¥u[f(z™)] - g(z™)]}
feF

1

= 5B {0lAn 1 (1) + Gl ()] g5} + 3B, {6lAn-1(f2) — nlla(=™)] - 9(=)]}

< 3B (01w 1 () + LA ) - (=]} + T B, {6ldn 1 (f2) — sLE(=") - g(=M)]},

(C.25)

where s = sgn({f1(z") — f2(z(")}g(=")).

In the following we proceed to prove (C.25). Without loss of generality, assume g(z(™)
0. We consider the following two cases: 1). fi(z(™)fa(2(™) >0, and 2). f1(2™) f2(2(™)
0.

In the first case fi(z2(™)fo(2(™) > 0, we assume, without loss of generality, f;(z() >
f2(2() > 0. (The proof for the cases fo(2(™) > f1(2(™) > 0 and f1(2™), f2(2(™) < 0

are similar.)

=
<

By the Lipschitz property, we have

L{A1(Z™) = f2(20)) - g(2™) 2 [ f1(20)] = alfa(2)] - g(z1™).

Let

a = A1 (f1) +alfi(zM)] - g(z"), b= Ausa(fi) + sL(z") - g(z),
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and

¢ = An1(f2) — ulf2(z')] - g(z™), d=Au_1(fo) = sLf2(z"™) - g(z™).

Then the Lipschitz property implies that b —a > ¢ — d.
In addition, by the increasing property of ¢, and the facts that f; is the maximizer and

%(0) =0,

(f1) + Uulf1(zM)] - g(2™) > Ap_i1(f2) + Ul f2(2)] - g(z™)
(f2) — sLfa(z™) - g(z™) = d.

a An—l
An—l

v

Therefore by the convexity of ¢, the increment ¢(b) — ¢(a) is lager than ¢(c) — ¢(d), and
we have the inequality (C.25).

For the second case where fi(z™)fy(2(™) < 0, we assume, without loss of generality,
fi(z2() > 0> fo(2(") and s = 1. The the monotonicity of ¢ directly yields

¢(a) + ¢(c) < o(b) + ¢(d),

which is equivalent to (C.25).

Further, note ¢;’s are Rademacher random variables,

SEe, {0 dn 1 (1) + SLF (=) - (=]} + S, {9lAn () = sLA(=") - 9(=)]}
<Ee,{ sup 9ldn-1(F) + Lenlf (=) - 9(="]}-

Following the same procedure, we can replace all ¢;[f(z())] by Lf(z®). This completes
the proof. O

C.2.2 Covering number of I'(s)

Recall that I'(s) = {u € R? : 2||ugc||1 < 4||us|[1 + 3v/s||ul|2, for some S C [p] with |S| =
s}. Let {u!,...,uMret} denote a 1/2-net of the I'(s) NSP~1, that is, for any v € T'(s) NSP~1,
there is some index j € [Mpe] such that ||v — w/||z < 1/2. In this section we provide the
following lemmas to bound My, the packing number of I'(s), which will be used in the

later proof.

Lemma C.2. There exists some constant Cper > 0, such that
Sep P
log Mper < dlog(7) < Chet - slog(g).

Proof. We need two additional lemmas, and Lemma C.4 is proved in Section C.2.6.
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Lemma C.3 (Milman and Schechtman (1986)). Given m > 1 and € > 0. There exists an
e-net I1 C B of B with respect to the Buclidean metric such that BY* C (1—¢)~Lconv(II)
and |II] < (1 +2/¢)™.

Lemma C.4. Let 1> > 0. Let 0 < s <p and kg > 0. Define d = 5185s, then
L(s)nsSP~1c2. conv(Ujj<aEs N SPTh, (C.26)

where conv(-) denotes the convex hull and Ej = span(ej : j € J).

These two lemmas imply that

Mo = 142/ (5) = Ly = explaron L)

which implies that

log Myer < dlog(@) < Chet - slog(g),
s

for some Cjer > 0, when s = o(p). O

C.2.3 Concentration of the mixing proportion

Since A = /B*TQ*B3* < /MM, is bounded. Let’s denote Ca = v M M, in the following
proof.

Recall that

n

5(0) =L S o0y = 1 -~
(9) n Z’Yﬂ( ) n Z w + (1 — o.)) exp{(sTQ(Z(i) - (Nl + M2)/2)}

i=1 =1

1o w
“n ; w+ (1 —w)exp{d Q2 — (u1 + p2)/2)}

n

1 w
:nz w+ (1 —w) exp{Ca(z0)}’

whose corresponding population estimate is w(0) = E[y¢(Z)] and

. |
Co(=") = 870 - 5 (b + 2) }.

We show next that with probability at least 1 — o(1),

1
sp [@(6) —w(0)] S \/@
0€Bcon(0%;¢0,¢1,Ch,8) "
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Let

Zy = sup |(0) — w(0)].
eeBcon(0*§007cl7cbvs)

Letting {¢;}!" ; denote an i.i.d. sequence of Rademacher variables, for any A > 0, we have

E[e}*] <E

A = w
exp | — sup E € . .
(n 0 Beon (6%:c0,¢1,Chs) ‘ P (w +(1-w) exp{Cg(z(l))})D]

It is easy to check that ¢(z) = w/(w 4 (1 — w)e?) — w is Lipschitz with constant =% <
1=c and 4(0) = 0. Consequently, by the Ledoux-Talagrand contraction for Rademacher

co

processes in Lemma C.1 with g(-) = 1, we have

E[e**] <E

1 6i(w +(1-w) exp{Co(z(i))})D]

A
exp(>  sup 2
n 0€ Bcon (0%;c0,¢1,Cp,5) i=

n
w
<E |exp sup €i ‘ —w)‘
<n QEBcon o* C(),Cl,CmS) ; ' w + (1 o W) eXP{CB(z(Z))}
n
E |exp sup E'W’
<n 0€Beon(8%;c0,¢1,01,8) ; '
n
1 — , A2
<E |exp sup Z € «. Ce(z(l))’ -exp(—)
n GEBcon o+ COaclbe’ ) =1 o "
" 1—c 1 A2
— ¢ .
=E |exp Sup Zei ' ' {ﬁTz(l) — 58 (it M)}) ()
T € Beon (0%;c0,¢1,Cp,5) i=1 o 2 "
1-— Co - T/.@) Y\ ok * %
sup 'Zﬁﬂ (2" = (1 —-w")p) —w'ps3)
n eeBcon(e €05 Cl,Cb S) o i=1
(2)
A21—CO - *\ ok B1+ 2 2 )\2
.92 sup exp < BT( pi+ (1 —w s — 7)‘ ~exp(—),
GEBCOR(B*;CO7617CINS) n 2 "

(i2)

where the last inequality uses the property of the sub-gaussian norm of bounded random
variables.
We bound term (ii) first, Recall that 61(8) = BT (p} — £15£2) and 6,(8) = BT (k3
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it we have

sup W' or(8) + (1 — w*)d2(B)|

0€ Beon (0%;c0,c1,Ch,8)

- N
— sup BT (@ i+ (1= w3 = =) < era?
oeBcon(9*§607clvcb75)

Consequently,

Next, we proceed to bound term (i).
Let z](\lf) =20 — (1 —w*)pu? + w*pb), then

. [ )\ 1 - CO n ] * * * *
(1) =E |exp | — sup 'ZeiﬁT(z(l) — (I = w*)p] —w*ns)
i T @€ Beon (0%;c0,¢1,Ch,58) o i=1
- \ - n .
=E |exp | — sup “ Z elﬂ—rz](\l,)
i n OGBCO7L(0*;CO7CI7Cb7S) o i=1
[ A 1-— Co .
=E |exp| — - : sup |Bll1 sup | Z EZZN
n €o eeBcon(e*'c()yCvabv ) ]E[p}

SZ eXp( L= O (My+ CyA \ZQZN )]

=1
Sexp{/\ (M + CpyA)?

( _CO)Z-CAQ—Hng}

n Co
N(M + CpA)? 1 —
o {FULEOSR (10 012 gy,

Then we obtain

2

N (M, + CA)? 1 A2
W+ G2) Pacs) - e

E[e**] < exp {

n Co Co

)\2
= exp(~-Cle) + log(»))

Using the Chernoff approach, letting A = \/nlogp/Cc(?f,z and t = 34/ C’c(g;z - y/logp/n,
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the above bound on the moment generating function (MGF) implies that,

P( sup 0(0) — w(8)] > t) = P(z, >t) < e ME[e**]
0€Bcon (0%;c0,¢1,Cp,8)
)\2
<exp(—At) - exp <—C’(w) + 10gp> < e3logpt2logp
n

con

—e 1987 — o(1). (C.27)

Therefore, as long as n > Cjlogp for a sufficiently large constant C7, we have with
probability at least 1 — o(1),

1
sup |0(0) —w(0)| = 2y S %8P
0€ Beon (0*;c0,¢1,Ch,8) n
C.2.4 Concentration of the mean under | - |2 norm

Without loss of generality, we provide here the derivation for fi12(@), as the derivation for

f41(0) is similar. Recall that

-1

f2(0) = ng(z(j)) {ng(z(i))z(i)} :
j=1

1=1

whose corresponding population estimate is

Firstly, we observe that

-1

-1

= i’m(z(j)) {i,ye(z(i))(z(i) Y s ug)} B E[ye(2)(Z — %)]
j=1

E[ve(Z)]

i i + + ;
W = sip =D () (OB R (2) (-, =12,

eeBcon(0*§007clvcbzs) =1 2 2
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(3) + - ]
Wi = sup 270 BT Ble(2)(2-B T, =12,

0€Bcon(0%;5c0,c1,Ch,8 )

2 2

where u € T'(s) NSP~L, where SP~! = {u € R? : ||ul| = 1}.

Let {u!,...,uMnet} denote a

1/2-net of the I'(s) N'SP~L. This means that for any v €

['(s) N'SP~!L, there is some index j € [Mye] such that |[v — w/||s < 1/2. Similar to the

derivation before, we have

Wi < +|W“) W(”|< max W() W |lv —uj|| < max W1(L)+ W()

It’s followed by

Wk —
vel

and then implies that

Consequently it suffices to

JE[M’Vlet] ]E[ net] /

sup W(”) < max W1(L])+ —wm )
(S)QSP 1 ]e[Mnet]

Wk )<2 max Wq([‘).
]E[Mnet]

bound W for a fixed u. Let {€i}1, denote an i.i.d.

sequence of Rademacher variables, for any A > 0, we have

™ 9cBeon (0%

E[eAW’(‘“)] <E [exp ()\ sup

A w Y L el 12
<E |exp | — sup E € )2 B2y
[ (n BGBCOW( *'CO,Cl,Cb,S) ‘ i=1 ((JJ + (]' - w) eXp{Ce(Z(Z))} )< 2

w< (3) _ H1+IJ«2 U,
6w—i—(1—w)exp{Cg }D]

ic0,¢1,C,8) '

107

A Z" :
E eXp - Sup ‘ ei‘W‘ <z(2) _M’u>‘
" 0€Beon(0%;c0,c1,Ch,5) | 11 2

A2
- exp <nCO + Chet -

where Cg(2()) = BT (2() — 1

w h o M1t 2
<E |exp | — sup g € — —w)(z® — u
[ (n 0€Bcon(0*;c0,¢1,Cp,5) ’ —1 (w + (1 -w) eXp{Cg(z(Z))} a

(2

log(p/ S)> ;

%) and the last inequality follows the same idea of the

concentration of the proportion.

Let’s recall zj(\i,) = 20 —(
Since Y(z) = w/(w+ (1 —w)

1 — w"pi — w*us be the centered random variable z().

e”) — w is Lipschitz and 1(0) = 0, by Lemma C.1 and let
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p = (1 —w")pl +w*ps, we then have

w

A - Ny M1t
E |exp | — sup € W) (2 — , U
i (n 0€Bcon (0*;c0,¢1,Ch,8) ; (w + (1 - w) eXp{Cb(Z(z))} )< 2 >‘

[ A - MGy M1 e
<E |exp | — sup €;Co(zM) (29 — , U

L (n OEBCO’H(O*;CO7clvc’b7S) Z ( )< 2 >‘

i A N | , +

=E |exp ( sup Zﬁz‘{bﬁz(’) - 5/3T(M1 + Nz)}@@ -a 5 mv“)’)]

T 0€ Beon (0%;5c0,¢1,C,5) '
<E |exp (A sup i Zn:ez{<ﬁ,zN><zN),u>H>]

n eeBcon(9*§007cl)vas) €0 =1

[ A 1—c - " + i ]
-E |exp ( sup 70'261‘{<5aﬂ —%WV,W} >

n eeBcon(e*;C()vchcva) €0 =1

[ A 1-c u ] * + ]
‘E |exp | — sup 0. Ei{<:@az](\zf)><u’ _u’,@}
L n 9€Bcon(9*;00761,0b75) €0 i=1 2 J
(i)
A 1—cp . M1t o . b1t o
‘E |exp| — sup Z@{(M - 5 ,B)(u* — B ,u)}‘
n ger(s)+p*' ¢
(i3)

<E

Al — C i) )\2 B
exp (n o sup ‘Zd@ ><ZN,u>‘>] -exp{n01+slogp}7

0€Bcon (0%;c0,¢1,Ch,8) ' ;1
(C.28)

for some constant Cy > 0. To see this, we need to bound (i), (ii), (iii).
We first have

*\ % * ok H1+ 2
sup (B, (1 —w")p} +w ps — ———=)| < 1A%

OGBcon(O*KJO:Clbevs) 2

and thus

(i) =E

1-q .ia{w,—u -t —w*u;><z5@”“>}‘>]

A
exp | — sup
" € Beon (0%;c0,c1,Ch,s) | €O i=1
)\1—00
8 (R B 8= i)

eeBcan(0*§007cl7obvs)
A2
<exp {ncll )

=E
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where C1; = (%)2 - 3CA.

The bound for the second term (ii) follows the same covering idea

.. [ A 1- €0 . ) *\ ok * % n1+ p2
(i) =E |exp [ = sup a8, 20N - Wt +wus - B 0}

L n BEBcon(9*§CO7clacb75) o i=1
- . ) |

<E |exp | 211 —w i + oty — PLTE2 gy 2700 gy > aB =y
L n 2 CO eeBcon(9*§007cl7cbvs) =1
| A * * 1+ po 1-— o & * ]

<E |exp (nr«l R R DI
L =1

-E

A *) ok * % + l1—c¢ . i
eXP<n!<(1—w)u1+wu2—m 2wy sup Zeiuuxﬂ)]

2 € wer(s) i

Let {@, ...,aMnet} be the 2-net of T'(s)NSP~!, then similar to (??) and use Lemma C.2,
2

we get

A 1— T
exp | —[{((1 — w")p] + w ps — pa 2 ,u) “. 2C,Ca  sup Z eiu]ng\Z,)
n 2 o JE€[Mned] ' 325

2

A
(X
<u>_exp<n| :

*Y\ % * % “1+M2 1_60 . * i
(1~ ")k + "~ S D L
1=1

‘E

)

22 1-— N T G
exp | — - €0 CfCi sup | Z eiﬁ]Tz](V)]
n €o JEWP] =1

<expq PCEMCRp- Y E

€0 .
je[Mnet]

4A2 1 - CO 2 2 4 4
§ exXp T( . ) . (CbM + Cb)CA + log Mnet

A2
=exp {nCu + Cnet : SIOg(p/S)} ’

where Cy = 4(1;—;0)2 (CEM + C})CA.
Term (iii) is bounded by

(iid) =E

D (T ’““g’”,w}\)]

A
exp | — sup
n oeBcon(e*;C()vCvabvs) o =1

2 1—
gexp{MCO)%%Mczcg}
mn

€0

A2 .
—ew {201 ).

where Cy3 = (1;—()60)2(01)—1—\/M)'MC}?CZ and we use the fact that |(p*— #1582 8)| < ¢,C3,
and ||} — pall2s, (13 — p2ll2s < GA < VMCy.
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Combining the bounds for these three terms (i), (i) and (iii), we obtain (C.28) with
Cy = Cii + Ciz2 + Chs.

Then we proceed to bound

A 1—g¢ .
E |exp | = - 0 sup 61(57ZN><ZN)’U>‘
n €0 @€Beon(0%;c0,c1,Ch,s) i=1
A 1 . (i)
<lexp|Z- sup €(B—B% =2 ><z ) >’
(n €0 O€Beon(0*;c0,c1,Ch,5) Z ' "

.[exp(j\b 1_60‘2 (8", 2 (29 u >D]

When 0 € By, (0% co,c1,Ch, s), B — B* € I'(s), which implies 3 € 8* + I'(s). Now let

us define
. 1<
Wy = sup — Z ezz
e (s)NSP— 1 n i—1
and .
. 1 .
Waw = (@, — > €z020Ty)
n

In the meantime, let {@', ..., @<t} be the 3-net of I'(s) N SP~1. Then we have

sup fz (B0 2 (=0 u) < sup 18— BIl) - W
0€Beon (0%;c0,¢1,Ch,s) T 0€Bcon(0*;c0,c1,Cp,5)
<CyCa - W
<2C,C max Wy, ,
> bUA J€[Mar] wl,u

where the last inequality uses the same covering argument as before.
Then let’s proceed to bound (@, + Y7, z((f)z,gl)—rw for fixed @, u. Following the Lemma
D.2 in Wang et al. (2015), we can similarly calculate the sub-exponential norm (|| - ||, ) of

u, 20y (20 ,w)|, which yields, for some constant C, > 0,
N /\*N ()

H*(u 23) (=, u >||w1§i0w maxc{ || (R, @) |2, (=1, )13, }

1 * *
<—Cy - max{(p] — p3, @), &' X6, 1] — 30, 572}

Cz/)'[\/MCA+M]_

n

33



Similarly, we have

1

1, . G
|(8" 2} (2wl <O - max{(=

1

<—Cy - max{(p;
n

<G

Mo 121, w3,

* * * T vk ok * * *
— K3, 87),8° T°67, 11 — pall2s, (1272}

[CR + VMCx + M]

Consequently, for sufficiently small A

n

2o (35 St )|
<E -exp (% 1 ;OCO .2C,Ca .jemit] zn; Oy (20, >||)]

E -exp % ! _CO‘Z zN),U>D
< exp {A: & ;000)2 - (2C4Ca)? - C2 - [(VMCa + M)? + (CX +VMCa + M)?] + longt}
=exp {);j . Cy + log Mnet}, (C.29)
where Cy = (152)? - (2C,Ca)? - C3 - [(VMCa + M)? + (CR + VMCa + M)?].

Putting the pieces together yields

Elexp(A\W )] < Elexp(2A max W) < Y ElexpAW )]
]E[Mnet] jE[Mnet]
[ [(on 1- " o ] AN . .
< Z E |exp < Co sup Zei(ﬁ’z](\f)><z](\/)7uj>’> 'exp{(Co+Cl)+QCnet'810g(p/s)}
j€[Mper] L " €0 Bepr+I(s) i ] n
[ 2A 11— | ANZ- . -
< Z Elexp | —- 2 sup (B, z ><ZN)7UJ>} -exp{(C0+Cl) + 2Cet -slog(p/s)}
jE[Mnes] L " €0 Bep+T(s) i ] n

402
<2M et €xp {7 -Cy + log Mnet} - €Xp
n

4N\2
<exp {—
n

4N .
T(CO + Cl) + 2Cnet : SIOg(p/S)

(Co+ C1 + Ca) +4Che; - slog(p/s)}.

Using the Chernoff approach, we then have with probability 1 — o(1),

W <

slogp
\/771 .

~
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1

)

Combining with the concentration of &(8), we thus have with probability at least 1 —2p~

10) = @ = { (e} {0 - )
Jj=1 i=1

~ (Eho(2)} " Ebe(2)(2 - #1712

2 2,8
<{2 3000} IERe(2)(Z — EEE)] - 1Y p(a0) (20 - L Ey,
j=1 i=1
Eho@) ™~ {320z} |- IEpo(2)(2 - 122y,
j=1
< slogp'

Similarly, with probability at least 1 — o(1),

X slogp
wwp 0) = p(0)]ae 5 B
GEBcon(0*§Coaclacb75) "

C.2.5 Concentration of the covariance matrix

In this section we prove the concentration of the covariance matrix in terms of ||{3(8) —

2(0)18"l2,s-
Recall that p* = (1 — w*)pu} + w*pd, we then have

n

£6) = > {120 — (@)= — in(O) + (=)=~ wa(O)(= - 2(6)"}

n =1
=S OO {1 23 (z0) b (0)n(8) — D v0(=)a(8)iaa(6)T
=1 i=1 =1
1 - @) ey (@) T 1 g () /A T
== >0 =)D = )T = {1 23 90z f(a(6) = 1) (i1 (0) — )
=1 =1

- %sz“))(mw) — 1) (2(0) — )"
=1

where the last equality uses the fact that = Y% 20 = (1 —(0))f11(0) + & (0)f12(8).
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Similarly, the corresponding population estimate is

¥(0) =E [(1 —10(Z2))(Z — 11 (0))(Z — 11(0) " + 70 (Z)(Z — p2(0)(Z — p2(6))
=E[ZZ"] = E[1 - 76(2)|p1(8)1(0)) " — E[16(2)]p2(6) p2(6) "
=E[(Z — p*)(Z — p*) "] — B[l — 79(2)](11(0) — p*) (1 (0) — p*) T
— B0 (2))(112(8) — p*) (p12(8) — p*)

where the last equality uses the fact that E[Z] = (1 — w(0))u1(0) + w(0)p2(0).
Therefore by triangle inequality

1(2(8) — %(8))8" |2, < H{%Z(z“) — )z = )T —E(Z — ) (Z = )]} 8" |2s
i=1
(@)
+I[{1 = ©(0)}(A1(8) — w)(11(8) — )" — (1 — ) (111(8) — ") (11(0) — 1*) ] B* 2,6
(47)
+[[[2(0)(A2(8) — p*) (A2(0) — ) T — w* (12(6) — ) (12(0) — 1*) ] B* 12,6, (C.30)
(i44)

Term (i) can be bounded similarly to (C.29). We have with probability 1 — o(1),

n

1 slo
I3 32 OGO B2

Further, for term (iii) in (C.30), by the concentration results for @(0) and f1;(0), we
have with probability at least 1 — o(1),

(ii) = [@(0)(A2(0) — ") (f2(8) — ") " — " (12(8) — ") (p2(8) — ™) "] Bl
<[[(©w(8) — w(8))(12(0) — p*)

( (12(8) = 1) B* 12,6
+[|0(0)[(2(8) — 1*)(f2(8) — p*) T = (12(6) — ") (k2(8) — 1*) "] B |2
<[@(0) —w(O)] - [[(12(0) — 1*[|2,s - [[122(0) — 1")[l2,s - [1B7]]2
+1@(6) [(2(6) — p*) (f12(8) — p2(6)) '] 87|25
+[|0(0)[(f2(8) — p2(0)) (k2(8) — 1*) "] B2,
< slogp
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Therefore, with probability at least 1 — o(1),

slogp
25 S\ ——
eeBcon(e* ;€0,C1 7Cb15) n

sup 1(35(6) — =(6))8"]

Similarly, we have with probability at least 1 — o(1),

. . logp
s [(5(60) - £(0)8 | S \/> —=.
0€Bcon(9*;60,0170b,3) "

C.2.6 Proof of Lemma C.4

Proof. Lemma C.4 is an analog of Lemma 13 in Rudelson and Zhou (2012) with a few
modifications. For completeness, we present the proof here.

We first state two lemmas.

Lemma C.5 (Lemma 11 in Rudelson and Zhou (2012)). Let uq,...,upr € R?. Let y €
conv(wui, ...,ups). There exists a set L C [M], such that

Amaxe ) u;|3

L <m=
L] <m e
and a vector y' € conv(u; : j € L}, such that

Iy —ylz2 <

Lemma C.6 (Lemma 21 in Rudelson and Zhou (2012)). Let u, 0,z € RY be vectors such
that i). ||@||2 = 1, ii).(x,0) # 0, (iii) w is not parallel to x. Define ¢ : R — R by:

B (x + A\u, 0)
PN = |z + Az

Assume ¢(\) has a local maximum at 0, then

@+u6) | fuls
(z.0) =

Then let’s proceed to prove Lemma C.4. Without loss of generality, assume that d < p,
otherwise the lemma is trivially true. For each vector u € RP, let Tj denote the locations

of the s largest coefficients of u in absolute values. Decompose a vector u € I'(s) NSP~! as

u = ur, +ure € ur, + (2[|usll1 +3/2- Vs||lullz) - absconv(e; : j € Tf),
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where absconv(-) denotes the absolutely convex set. Since

w1
lure 3 <llurgl1lurelloo < Cllumll +3/2 - Vs|lull2) - —=

<@llugyll2 +3/2 - [ull2) - w2,

then we have

1= [lull3 = [lug[I3 + luzg 3 < 3luz, |5 +3/2 - ull2 - [lugl2,

which implies [lug[l2 > 3.
Let’s define

V = {ug, + (2|us|li +3/2 - /s||lulj2) - absconv(e; : j € T§) : w € T(s) NSP1}.

We then have I'(s) NSP~! € V C I'(s) and V is compact. Therefore, V contains a base of
['(s), that is, for any y € I'(s)\{0}, there exists A > 0 such that Ay € V.
For any nonzero v € RP, let’s define

F(v) = ol

The function F is continuous on I'(s)\{0}, and in particular, on V. Hence,
I(s)NSP~t = F(T'(s)\{0}) = F(V).

By duality, inclusion (C.26) can be derived from the fact that the supremum of any
linear functional over the left side of (C.26) does not exceed the supremum over the right
side of it. By the equality above, it is enough to show that for any @ € SP~!, there exists
z' € RP\{0} such that supp(z’) < d and F(z') is well defined, which satisfies

max(F(v),8) < 2(F (<), 0). (C.31)

For a given 0, we construct a d-sparse vector z’ which satisfies (C.31). Let
z = arg max(F'(v), 0).
veV
By definition of V, there exists I C [p] such that |/| = s, and for some 7; € {—1,1},

z =z + (2l|zslli +3/2- Vsllzl2) - D eynje;,
jere
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where o € [0,1],> ;e <1, and

jere

—_

1> 22 > . (C.32)

w

Note if a;; = 1 for some i € I¢, then z is a sparse vector itself, and we can set 2’ = z in
order for (C.31) to hold. We proceed by assuming «; € [0,1) for all ¢ € I¢ in (C.31) from
now on, in which case, we construct a required sparse vector 2’ via Lemma C.5. To satisfy

the assumptions of this lemma, denote e,41 = 0, 17,41 = 1 and set

apr1 =1-— Z a;, hence a1 € [0, 1].
jele
Let y = zpe, M = {j € I°U{p+ 1} : o > 0}, and € > 0 specified later. Applying
Lemma C.5 with vector w; = (2|lzg|l1 + 3/2 - v/s||z|]2) - n;e; for j € M, construct a set
J' C M satisfying

_ Amaxjere(2]zs|l +3/2- V5] z]2)llesll3 _ 64s
= - 2 )

‘J/\Sm: 5

(C.33)

€

and a vector

y' = (2llzsli+3/2-Vslzll2) D Bimje;,

jeJ’
where for J' C M, 3; € [0,1] and >, 5 8 = 1, such that ||y’ —y[l2 <e.
Set 2’ = zje+1vy’. By construction, 2z’ € Ej, where J = (IUJ)N[p| and |J| < |[I|+]J'] <

s + m. Furthermore, we have
Iz =2 =lly -y <e

For {f; : j € J'} as above, we extend it to {3; : j € I U {p + 1}} setting 5; = 0 if
jeIcU{p+1}\J and write

2=z 4 Qllzsli +3/2-Vllzll) Y Bimgey,
jeIcu{p+1}
where 85 € [0,1] and 3¢ ey B = 1.
If 2’ = z, the result holds. Otherwise, for some A to be specified, consider the vector
2+ AZ —2) =z + 2llzslh +3/2-Vsllzll2) Y [(1- Nag + ABjInge;,

Jjelcu{p+1}

We have 3~ creupiny[(1 — Aoy + ABj] = 1 and (1 — A)a; + AB; € [0,1]. Therefore
djerclI=Naj+ A8l <land z+ A(2' —2) € V.
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Now let’s consider a function ¢,

+ Az —2),6)

Pz 4\ — 2)),0) = 2 el

6 = (F(z+ M= = 2)).0) = TEAE 2

Since z maximizes (F(v),0) for all v € V, ¢(\) attains the local minimum at A\ = 0.

Then by Lemma C.6, we have

(2,0) _(z+(2'—2).0) | [zl _ [=z]2— 2"~ =2

(2,0) (2,0) - lzlla 12112

Consequently,

(F2.0) _(/11.0) _ |zl (.0)
(F(),0) (z/lz].6) [z (=0)
[EIP [2]2 — 17" — =2
“lzllz + 12— 22 [E1P
_ Izl — 112" = =12
[zllz + [z — =|2
|z]|2 — € 2¢

Tlzllz ezl e

By the dentition of z and (C.32), we have || z|| > ||z7]| > %

Now we set € = %, then we have

(F(2),6)

(F(=),0) -

)

| =

and thus (C.31) holds. Finally, by (C.33), we have
m < 5184s.

Therefore (C.26) holds for d = s +m = 5185s. O
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C.3 Proof of Lemma 8.5
Let e =4 — ~*, then
)T = 1 ll2 - Al =) T (v + @) = [V ll2 - 7 + el

=[l7)3 + (v) e~ H'y*llz\/ll'r*II% +2(v*)Te + lel3

2(v*) Te +|lell3

=73+ (v) e~ |7*||§\/1 +

Eal
12 *\ T 2
B+ () Te = 2 (1+ 12(v) it”e'b)
SR

lel3 ;
22 <16 - Bl

C.4 Proof of Lemma 3.6

We reiterate Lemma 3.6 as follows.

Lemma C.7. Let 0O be the estimator constructed by the Hardt-Price algorithm. Under
the conditions of Theorem 3.1, if 5(10%)1/12 = o(1), then for sufficiently large n, with
probability 1 — o(1), 8©) satisfies (IC) and thus (C1) holds.

Proof. Since s(k’%)l/12 = o(1), by Proposition 3.1, we have

~ (0 * ~ (0 * S * 1
max (141" = ) 2o 1857 = gy P 1B = 5) = 0p(5)-

Therefore ) )
~(0 * S *
1817 = gyl = 0 (L) (k=1,2), £ = | < 0p(2),

which implies
20 1 &(0) _ gy g 1
H”‘k - I’l’ﬂ'(k)H275 < Op(ﬁ) (k - 172)7 ”(E - X )/6 HZS < Op(ﬁ)v

and therefore dg,s(é(0)79*) = o(i) < rA, that is, there exists r satisfying r < L)Z:“" A

/5
\/(K+2)2M+1(161*\/(K+2)2M A /K%IM A SIgf/E with K = 8M (Y, such that

dy,s(09),0%) < rA.

41



In addition, since

) (1 e ) )
3O = angmin {67508~ 8T (” — ) + 2 }.

with )\510) = Cy4 + Cx/logp/n. When Cy, C) are chosen such that )\%O) = 3C,on1/ 282 +

n
9(0) g+ 3(0) _ g+
g - 22008 NIBO =

”, by Lemma A.1, we have

B0 — 3" eT(s),

and

18 = B*[l2 = or(—=).

1
NG

C.5 Proof of auxiliary Lemmas used in the proof of Theorem 3.3

In this section we consider the model %N (p1,%)+ %N (p2,Y), and for simplicity, we denote
0 by 0 = (1/2, p1, po,Y) in the sequel, and provide a lower bound for the excess mis-
clustering error. For ease of presentation, let’s assume 7 is an identity map for both Lg(-)
and R(-) in the this section.

C.5.1 Proof of Lemma 3.4

Let ng(Z) = %, where ¢;’s are the density function of Ny(p, Xg), k= 1,2. It is

easy to check that
1 t
P Z7)— =] <t) < —
olne(Z) — 51 <) <

for some m # 0 to be determined later, where Pg denotes the probability with respect to

the distribution of Z with parameter 6. To see this,

e~ (Z=p) 'S HZ—p)/2 1
<t)

1
Follne(2) =3l <) = P TS m2 § o-Fn) E G 2] S
b

e*(Z Ml)
- )

e (Z—m

TSN Zo)/2 _ g (Z—p2) TSN (Z—p2) /2

=Po (’ e~ (Z—p1) TSN Z—p1)/2 4 o~ (Z—p2) TE"H(Z—p2)/2 = 2t>

1 — e Z=(m+n2)/2)"B
=P e Z el S 21)

1—2t T, 142
=P < o (Z=(m+p2)/2)' B 2T =

0<1+2t_6 _1—2t>

~Po(—t < (Z — (1 + p2)/2) ' B < t).

Since (p1 — p2)TE 7 (1 — p2) > g, the density function of (Z — (p1 + p2)/2) "8 is
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bounded. Then there exists some m > 0, such that Po(—t < (Z—(pu1+u2)/2) '8 < t)
Let S¢ ={Z:G(Z) =1}, Scy ={Z : Go(Z) =1} = {Z : m9(Z) > 1} and A =
Ine(Z) — 3| > t}. We claim that

< b
— m
{Z:

Po(G #Y) ~Po(Go V) = [ [210(2) = 1| Po(d:).

To see this,

1 1
Po(G(Z)#Y) = 2 /s $rdz+ 5 g $2 dz,
el G

1 1
Po(Go(Z) #Y) = B o o1 dz+§ ; P2 dz.
Go Go

Since Sg, = {z : p2(2) > ¢1(2)}, we then have

Po(G(2) £Y) ~Po(Ga(2) #Y) = | |361- 36l ds

SaASa,
= [0t - Ualaa),
SaASa,
which implies that
Po(Y # G(Z)) — Po(Y # Go(Z)) = 2tP(SaASg, N A)

> Qt{Pg(SéASGe) - PG(AC)}
> 21{Po(SASe,) — ).

Maximizing the last expression with respect to ¢, and using the fact that
Po(S¢ASc,) = Po(G(2) # Go(2)),

we get if P(Y # G(2)) —Po(Y # Go(Z)) < 1/m,

5 Po(GolZ) # C(2))” < Bo(Y # G(2)) ~ Pol(Y # Go(2)).

C.5.2 Proof of Lemma 8.4

Lemma 3.5, Lemma 8.4 and Lemma 8.5 largely depend on the results in Azizyan et al.
(2013), where Lemma 3.5 is a direct result and Lemma 8.4 is an advanced version. For
completeness, we provide the full proof of Lemma 8.4 below.
_ _|e'Al
Let cosy = mlarm
same plane, say, the z—y plane. That is, by some affine transformations, we can transform

. After affine transformation, two lines on RP can always lie in the

p and fr to two lines such that the last p — 2 coordinates of p and fi are 0. Since KL
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divergence is invariant to affine transformations, we have

KL(Po.25) = [ [ po(a.v) logw dz dy,

where

po(z,y) = (1 —w)o(x + &)y + &) +wo(z — &)y — &),
pg(2,y) = (1 —w)o(x + &)y — &) + wo(z — &) oy + &),

with &, = €cos L, &, = ¢sin £, ¢ = 112 4pg being the density function of N(0,1). Then
275y 2

oz

d)(x + gx)ﬁb(y + gy) + Wﬁb(x - gw)¢(y - gy)
o(x + &) oy — gy) +wo(z — )y + fy)

xp(—2&: — y&y) + wexp(zée + y&y)
Xp(_lfx + yé‘y) +w exp(xfx - yfy)
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Further,

( —W) —xlr— y&, +W6$§x+y§y

Pg, // 1 - JE + gw)(p(y + é.y) 10 ( ) —x€z+y&y + weréz—yy

&y ygy x&z‘f‘l}&y
T / / wb(x — £)b(y — &) log ) Fwet

dx dy

(1 w§€x§z+y§y + werbe—YEy
= //(1 —w)p(—z + &) p(—y + &) log 8 ;ZZTJZ i :Z—ziJjZ © dy
+ // wo(x — &) p(y — &y) log E Ziz Z;ZZ izzz?zz du dy
_ / / (1-w)p(z — &)d(y — &) log 8 — “’ieiiifiii iZZ-zZJZ de dy

(]_ _ w) —x€s— ygy + wex&fi‘ygy
// W¢ xr — é.x y gy) IOg ( )6 €z +y&y + wex§I Y&y dz dy

2 2
B (1 _ ) wly+E2+ysy+£2 + we” x€x—yEy—E5—&;,
- //(1 —w)(z)9(y)log (1 — w)etCr Vet —8 | o rEatvlyG1E de dy

(1 - w)€_$fz—yfy_fg_§§ + wemfz+y§y+§g+§§
// qu log (1 o w)67$§z+y§y*€%+£§ + wexéziyéy+€%7£§ dx dy

2 2 2 2
B (1 _ w)ex€z+fm+y§y+€y + we_xfa:_yfy_fz_gy
- / / (1 = w)é(@)é(y)log (1= o) e Vet B8y o vty 18 W

1 ( _ w)e_xéz_yfy_fg_gg + w6x5z+y§y+fg+f§
/ / wo( Og( 1 — w)e & Ve GHE | ottt 6
/(1 o) 1o (1 — w)e?VEFTGHEFEG 4 e a Va6 ;
= — W z z

& _ 2/E2+E2+E2-€2 ZAfE2HE2—-E2+E2

(1 —w)e? +we”
/ o)1 (1—w)e™ GGG | eV GGG ;
+ 0 Z
® (1 w)e VGG | e /Erareg

dx dy

Let hi(xz) = (1 —w)exp(—z) + wexp(z). Then h)(z) = —(1 — w) exp(—x) + wexp(z)
and hf(z) = (1 —w)exp(—z) + wexp(z). Let gi(x) = log hi(x). Then

g/l/ _ hlllhl B (h/1)2 _ h% B (h/1)2
h hi

€ (0,1).

Similarly, let ha(z) = (1 — w)exp(z) + wexp(—=z) and ga(x) = logha(z). We also have
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5 € (0,1). By the mean-value theorem,

KL(Pg, Py )<2§y/q§ (1 — w)gi (€2 + &) + wgh(&z + €%)) dz
—2§ /qS (1-w)g (5z—|—§))dz+2£ /qf) w92§z~|—£)) z

=22 [(1- )0 (dh(62 + &) — ghlez — 257 da+
262 [ wo(a) (gh(62 + €) - ga(6z — “5T)) ds
<og3(e + 87
=267(¢” + 10%)81 2¥
=£2(&2+ 27)(1  cosy)

lOgT

=3 + =) lpell = 1" ).

D Additional Simulations

To evaluate how CHIME performs in the case of unequal mixing proportion between the two
components, we used the same set of inverse covariance matrices generated in the simulation
examples of the main paper, but change the mixing proportion such that w* = 0.3. The
sparsity level of the discriminant vector s remains to be the same, i.e. s = 10. The estimated
mis-clustering errors based on 200 test samples from 100 replications are presented in Table
Al. In general, the errors from Oracle and the supervised LPD rule decrease when the
mixing proportion varies from 0.5 to 0.3, due to better calibration of the sample means and
weighted sample covariance matrix. However, the unequal mixing proportion has made
it more challenging for clustering, as seen from the increased mis-clustering errors for a
majority of the settings where an unsupervised clustering method is used. For CHIME,
although the settings where p = 100,200 in Model 1 and p = 500,800 in Model 3 show
deteriorated performances due to poor initializations, the corresponding errors are still
smaller than those obtained with other clustering methods. More importantly, when good
initializations are available, including the settings where p = 500,800 in Model 1, p =
200, 500, 800 in Model 2, and p = 200 in Model 3, CHIME achieves comparable performances
to the supervised LPD rule.

In the last set of simulation examples, we consider modifying the discriminant vector
such that the first s = 20 entries in 8* are nonzero and keep the mixing proportion w* = 0.5.
Again we used the three models described in Section 5 to generate the inverse covariance
matrices. To ensure sufficiently strong signal, 8* = (1,...,1,0,... ,O)T in Model 1 and
2, and B8* =3-(1,...,1,0,...,0)" in Model 3. Given Q* and B*, the mean vectors are
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pi=(0,...,0)", and p3 = pi — (Q*)~1B*. The average mis-clustering errors based on 200
test samples from 100 replications are shown in Table A2.

Overall, we observe a similar pattern as in previous comparisons, where CHIME con-
sistently outperforms other clustering methods and is competitive at several scenarios even
when compared with the supervised LPD rule (such as for all p in Model 1, p = 500 in
Model 2 and p = 100, 200 in Model 3). As the inverse covariance matrix in Model 1 is gen-
erated from a random graph, several clustering methods (PCCM, SHP and SKM) return
poor performances when p varies. While SHP and SKM both behave poorly in Model 2,
they outperform KM and PCCM in Model 2, due to stronger signals in the discriminant
vector (3*. Remember due to the special structure of the precision matrix in Model 3, the
mean vector pj is exactly sparse with s 4 1 nonzero entries. It is thus not surprising to see
that SKM performs well in separating the two components.

Further, clustering methods such as CHIME and PCCM both require iterative algo-
rithms. The running times of different clustering methods are not directly comparable
as they were run on different platforms. Nonetheless we can compare their per-iteration
computational complexity. At each iteration, the main difference between CHIME and
PCCM is that CHIME uses a linear program to solve for 8* € RP, whereas PCCM uses
penalized maximum likelihood to solve for the inverse covariance matrix * € RP*P. While
the per-iteration complexity for CHIME is O(p?) including cost for computing the empir-
ical covariance matrix, that of PCCM is O(p?). This also explains why PCCM runs very
slowly in practice. In addition, CHIME, PCCM and SHP all require selecting the tuning
parameters. Although the CHIME algorithm asks for two constants C; and Cs, the main
focus should be on C5 as the performance of CHIME is not sensitive to the choice of C7. In
contrast, PCCM requires choosing two parameters, one for controlling the sparsity of the
means and the other for controlling the sparsity of the inverse covariance matrices. Our
experience shows that tuning with PCCM generally needs to down over a two-dimensional
grid, which can be computationally challenging for large p. The main solver in SHP is
the LPD rule for solving the discriminant vector 3*. Therefore one can choose the tuning
parameter in SHP following the practice used in LPD.

Last but not least, we compare CHIME and IF-PCA in a simple model where the
covariance matrix is diagonal. Specifically, the mean vector pj is set to uj = 0, and
B =(1,...,1,0,... ,0)T where the first s = 10 entries are 1. X is generated as a diagonal
matrix with diagonal elements equal to absolute values of i.i.d. normal random variables
with mean 2 and variance 1. The sample size is n = 200 and the probability of being in either
of the two classes is set to be equal, i.e. w* = 0.5. The simulation results are summarized
in Table A3. CHIME still significantly outperforms IF-PCA in this case, although CHIME
does not use the fact that the covariance matrix is diagonal, while IF-PCA does. The main

reason is that IF-PCA is specifically designed for “weak and rare” signal where the strength
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of signal is assumed to be vanishing.

Table A3: Simulation results for CHIME and IF-PCA when the covariance matrix is diag-

onal

p 100 200 500 800

IF-PCA | 64.70(21.90) 75.80(19.22) 96.00(2.62) 92.40(7.73)
CHIME | 11.31(3.61)  11.00(9.75)  10.66(3.98) 9.73(3.17)

LPD 5.44(2.46)  5.95(2.52)  T7.02(2.61)  7.62(2.70)

Oracle |3.96(2.25)  4.03(2.11)  3.78(1.92)  4.2(1.82)
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Table Al: Average mis-clustering error (s.e.) based on n = 200 test samples from 100
replications under three different models: w* = 0.3 and s = 10

p 100 200 500 800
KM 50.04(7.77)  66.83(9.87) 30.87(8.73)  21.84(6.21)
PCCM  50.28(6.22)  63.24(8.38)  30.25(7.68)  22.99(4.89)
SHP  59.22(13.62) 66.29(10.36) 61.43(12.34) 53.99(16.34)
Model 1 SKM  51.54(8.18) 71.49(10.07) 26.60(9.24)  20.77(5.90)
IF-PCA  92.24(6.10)  92.24(5.60)  92.59(6.02)  92.86(5.65)
CHIME 14.73(9.81) 27.21(13.21)  4.52(2.80)  3.91(1.72)
LPD  6.07(2.63)  5.36(1.92)  3.13(1.72)  2.56(1.51)
Oracle  5.42(2.48)  4.47(1.74)  2.38(1.43)  1.61(1.29)
KM 43.26(7.37) 21.62(6.15) 18.56(6.05)  0.56(0.81)
PCCM  46.13(6.50)  23.57(5.82)  19.43(4.64)  0.57(0.74)
SHP  53.83(16.40) 30.75(19.47) 23.73(16.88) 13.02(7.97)
Model 2 SKM  45.38(8.13)  25.74(6.66)  18.51(5.90)  0.65(0.86)
IF-PCA  74.69(18.60) 84.65(14.88) 90.20(7.73)  91.32(7.66)
CHIME  7.89(4.32)  2.42(1.43)  1.15(1.09)  0.02(0.11)
LPD  4.16(2.00)  1.75(1.34)  0.98(1.02)  0.01(0.10)
Oracle  3.86(2.00)  1.31(1.23)  0.79(0.86)  0.01(0.10)
KM 38.94(24.04) 61.36(23.11) 79.87(11.72) 81.19(12.32)
PCCM  46.15(25.93) 68.99(13.43) 76.46(5.13)  76.06(5.55)
SHP  29.62(16.79) 40.00(22.44) 47.44(20.70) 50.03(76.06)
Model 3 SKM  14.15(4.31)  13.94(3.92) 18.83(19.75) 28.10(30.48)
IF-PCA  86.91(12.14) 88.96(9.89)  91.21(7.10)  92.12(6.48)
CHIME  7.52(3.67)  10.02(3.42) 18.21(14.21) 22.71(23.29)
LPD  4.78(2.14)  7.03(2.53)  8.18(2.85)  8.94(2.93)
Oracle  1.45(1.26)  1.31(1.03)  1.47(1.24)  1.46(1.12)

50




Table A2: Average mis-clustering error (s.e.) based on n = 200 test samples from 100
replications under three different models: w* = 0.5 and s = 20

p 100 200 500 800
KM 7.86(5.14)  21.17(11.59) 12.99(13.70)  6.15(2.60)
PCCM  4.51(1.64)  13.09(5.91)  7.38(3.27)  5.54(2.41)
SHP  17.19(15.56) 47.90(19.96) 54.64(20.35) 13.18(4.67)
Model 1 SKM  5.88(2.67) 23.53(14.19) 7.38(3.38)  7.07(2.78)
IF-PCA  90.15(7.41)  93.50(4.93)  94.83(4.73)  94.14(4.03)
CHIME  0.57(0.82)  0.81(0.84)  0.59(0.94)  0.84(0.98)
LPD  0.51(0.70)  0.54(0.76)  0.47(0.67)  0.56(0.66)
Oracle  0.39(0.58)  0.33(0.57)  0.24(0.45)  0.13(0.34)
KM  40.50(5.37)  40.06(5.90)  38.74(6.18)  47.67(6.54)
PCCM  40.93(5.25)  39.72(5.85) 38.47(6.11)  47.28(5.98)
SHP  47.08(15.35) 48.82(19.04) 40.07(17.05) 55.88(16.94)
Model 2 SKM  39.73(5.22)  38.71(5.82)  37.24(6.26)  47.65(6.81)
IF-PCA  48.04(27.38) 58.87(28.50) 76.92(21.35) 85.35(14.48)
CHIME 11.92(8.04) 13.26(10.23) 0.72(0.93)  2.31(8.30)
LPD  296(1.83)  1.96(1.51)  0.24(0.47)  0.27(0.62)
Oracle  1.61(1.47)  0.85(0.95)  0.14(0.38)  0.14(0.40)
KM 7.38(2.71)  24.60(31.09) 79.87(20.54) 88.36(11.44)
PCCM  26.65(34.34) 62.28(33.94) 84.00(5.20)  85.39(3.50)
SHP  6.31(4.31)  5.97(3.39)  6.80(3.8%8)  7.41(5.31)
Model 3 SKM  6.62(2.58)  6.38(2.29)  6.25(2.28)  6.23(2.44)
IF-PCA  74.47(18.96) 83.47(15.72) 88.72(10.89) 89.81(9.51)
CHIME  2.52(1.90)  4.32(2.45)  6.12(3.12)  7.02(3.19)
LPD  1.13(1.02)  3.25(1.72)  3.93(2.01)  3.98(2.02)
Oracle  0.07(0.26)  0.10(0.30)  0.10(0.30)  0.11(0.37)

o1




